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Part	  I: Introduction	  to	  the	  work	  
	  
1	  	   Introduction	  
 
Why	  do	  we	  need	  to	  understand	  the	  dynamics	  of	  contact	  angles?	  
 
Wetting and de-wetting phenomena are of major interest for both industrial and technological 
applications, since they have a key role in the optimization of a wide class of processes which 
involve momentum, heat and mass transfer. 
In conventional industrial applications, they are of interest in many processes involving droplets 
dynamics, such as oil recovery, lubrication, liquid coating, and spray quenching. The growth and 
spreading of a drop is influenced by external force fields: understanding wetting or drying 
phenomena requires a detailed and accurate study of surface tension forces, contact angle and 
contact line dynamics. 
In nuclear energy applications, wetting and de-wetting phenomena are essential for the 
understanding of boiling and condensation. These phenomena are key to determining nucleate 
boiling conditions, critical heat flux (CHF) and quenching, all relevant to define design, operating 
condition and thus safety margins of nuclear reactors. 
Contact angle refers to the angle at the tree phase contact line, where the fluid meets its vapour and 
the solid surface; it is calculated from the liquid side. Its dynamic seems to affect every behaviour 
of the bubble: nucleation, spreading upon the solid surface and detachment. 
The most famous correlation for fully developed nucleate boiling is probably the one proposed by 
Rohsenow and Griffith [1]. They suggested that the heat transfer enhancement under boiling 
conditions is the result of local liquid circulation in the region close to the heating surface, 
promoted by successive bubble detachments. The correlation reads: 
 𝑞!"!!𝜇!  ℎ!" 𝛾𝑔 𝜌! − 𝜌! !.! =    1𝐶!" !! 𝑃𝑟!!!!    𝐶𝑝!   𝑇! − 𝑇!"#(𝑃!)ℎ!" !!  (1)  
 
where r and s for water are 0.33 and 1.0, respectively. Rohsenow and Griffith introduced an 
empirical constant 𝐶!" to account for the material and the roughness of the boiling surface. Later, 
Liaw and Dhir [2] and Vachon et al. [3] identified a clear dependence between 𝐶!" and the contact 
angle during pool boiling of water on copper. Furthermore, by varying the surface roughness, they 
obtained different contact angles and showed that contact angle and 𝐶!" decrease as the surface is 
made smoother. They studied experimentally the variation of the wall heat flux with the contact 
angles in fully developed nucleate boiling, with heat fluxes close to CHF. Their results showed that 
as the surface wettability is improved, that is, as the contact angle decreases, a higher superheat is 
necessary to achieve the same heat flux. 
More recently, Kandlikar [4] has investigated the dependence of CHF on contact angle. They have 
proposed a theoretical expression for CHF in which the contact angle 𝜃 appears explicitly: 
 
𝑞!"#!! = ℎ!"𝜌!!.! 1+ cos𝜃16 2𝜋 + 𝜋4 1+ cos𝜃 !.! 𝛾  𝑔 𝜌! − 𝜌! !.! (2)  
 
Their experiments confirm that a low contact angle (highly wetting liquid) will result in a higher 
value of CHF, while a high contact angle, such as a non-wetting surface, will result in drastic 
reduction in CHF, as also confirmed by Costello and Frea [6]. 
Hai Trieu Phan et Al. [7], [12], Sher and Hetsroni [8], Mukherjee and Kandlikar [9][11], Son, Dhir 
e Ramanujapu [10], Kandlikar and Steinke [13], Chandra et al. [14], Liao et al. [15], all investigated 
the effect of contact angle on heat transfer, both theoretically and experimentally, confirming  the 
importance of this parameter. As affirmed by Rohsenow and Griffith [1], bubble detachment creates 
a near-wall-turbulence, which improves heat transfer. Furthermore, the bubble detachment 
frequency directly affects the heat exchange and so does the average bubble diameter at departure, 
as shown in Figure	  1 through Figure	  4. 
 
 
  
Figure	  1:	  Bubble	  departure	  diameter	  vs.	  water	  
contact	  angle	  (figure	  from	  [4])  
Figure	  2:	  Bubble	  emission	  frequency	  vs.	  water	  
contact	  angle	  (figure	  from	  [4])  
 
  
Figure	  3:	  Heat	  transfer	  coefficient	  vs.	  heat	  flux	  for	  
different	  contact	  angles	  (figure	  from	  [4]) 
Figure	  4:	  Heat	  transfer	  coefficient	  vs.	  water	  contact	  angle	  
for	  different	  heat	  fluxes	  (figure	  from	  [4]) 
 
 
Kandlikar et al. [4] also investigated the dynamic of a single vapour bubble, growing and detaching. 
They showed that the dynamic of the contact angle and the triple line play a key role in the 
characterization of boiling heat transfer. First, as the vapour bubble starts growing (see Figure 5), 
the spreading of the vapour bubble over the surface is accompanied by a receding of the liquid 
Fig. 8) show that a greater surface wettability yields bigger bubbles
detached from the surface. The expression of the Fritz correlation
[20] is written as:
Ddp ¼ 0:020" h" rgðql $ qgÞ
 !1=2
ð2Þ
It is important to note that in his paper, Fritz [20] only showed that
there is a maximum volume of a vapour bubble, which can be writ-
ten as a function of contact angle and capillary length, and Eq. (2)
does not even appear in this publication. Even though the Fritz cor-
relation [20] is well known and has been used in many studies, it
was not validated by a large set of experimental data in boiling con-
ditions where only the surface wettability changed. Fritz [20] con-
firmed his correlation by measurements with air bubbles and not
1
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Fig. 5. Schematic view of experimental setup.
Fig. 6. For hydrophobic surfaces, bubbles are created at lower superheat but cannot
detach from the wall. There is no nucleation and film boiling occurs because of
bubble coalescence.
Fig. 7. Bubble departure on hydrophilic surfaces.
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Fig. 8. Bubble departure diameter (measured at 200 kW/m2) versus the static
contact angle at 25 !C. Fritz’s correlation has the opposite tendency compared to the
experimental values.
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with vapour bubbles in boiling conditions. Furthermore, in most
studies, the main parameters were: superheat, pressure, gravity
and fluid characteristics, and the contact angle was seldom re-
ported. A complete review on bubble departure diameter measured
in boiling systems was given by Zeng et al. [21]. It was shown that
Eq. (2) gives questionable results for well-wetting fluids, large range
of operating pressures and in microgravity conditions. Taking into
account our recent results, we present in the next section a new cor-
relation aimed at estimating the bubble departure diameter.
3.2.2.2. Bubble emission frequency. The bubble emission frequency f
at a nucleation site is defined as:
f ¼ 1sgt þ swt ð3Þ
where sgt, called ‘‘growth time”, is the duration of the bubble
growth and swt, called ‘‘waiting time”, is the duration between the
departure of the former bubble and the appearance of the current
bubble. They are determined from the nucleation videos captured
at 6000 frames per second.
Fig. 9 shows that the waiting time is much greater than the
growth tim . This might be due to high liquid subcooling as the
bulk te peratur is 15 !C below the saturated temperature [22].
Also, the waiting time reduces more rapidly with the increase of
the heat flux compared to the growth time. Indeed, the change of
the heat flux from 220 to 300 kW/m2 results in 70% mean decrease
of the waiting time but only 23% mean decrease of the growth
time. Moreover, the waiting time and the growth time both in-
crease with the rise of the surface wettability. When the static con-
tact angle is belo 30!, this effect becomes especially significant.
As a result, the bubble emission frequency deteriorates for a great-
er surface w ttability (cf. Fig. 10).
Many studies [23–26] show the high r the bubble emission fre-
quency, the lower the bubble departure diameter. This is in agree-
ment with the trend shown in Figs. 8 and 10.
3.2.2.3. Heat transfer coefficient (HTC). The local boiling heat trans-
fer coefficient is defined as:
h ¼ q
Tw % Ts ð4Þ
where q is the heat flux calculated from q ¼ VIS and Ts is the water
saturation temperature at atmospheric pressure, which is measured
by a mercury barometer. From the uncertainties in test foil length,
test foil width, voltage, current and pressure, the uncertainties in
the derived parameters (q, Ts, Tw and h) are estimated using the
law of propagation of maximum uncertainty (cf. Table 2). For exam-
ple, the relative uncertainty in the heat transfer coefficient is calcu-
lated as:
Dh
h
¼ Dq
q
þ DTw þ DTs
Tw % Ts ð5Þ
Dh
h
¼ DV
V
þ DI
I
þ DS
S
þ DTw þ DTs
Tw % Ts ð6Þ
Voltage and current are accurately measured. Indeed, the max-
imum uncertainties in the voltage and the current are 0.011% and
0.015%, respectively. The saturate temperature is determined from
measurement of atmospheric pressure. Its maximum uncertainty
is about 0.2 !C. The wall temperature is determined from electrical
resistance/temperature calibration. The uncertainty in the wall
temperature is calculated to be less than 1 !C. Uncertainty in the
heat transfer coefficient is mainly attributed to uncertainties in
wall temperature and surface area.
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Fig. 9. Evolution of growth time (a) and waiting time (b) as a function of contact angle.
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Fig. 11 depicts the comparison of experimental v lues and pre-
dictions given by Cooper [27] correlation for the test foil without
nanoparticles deposition. The Cooper equation developed for
nucleate pool boiling, accounts for heat flux, surface roughness
and reduced pressure effects as follows:
h ¼ 55p"ð0:12$0:2log10Rp Þ ð$log10p"Þ$0:55q0:67M$0:5 ð7Þ
where p* = p/pcr is the reduced pressure, Rp is the roughness as d -
fined in German standard DIN 4762/1, q the heat flux density andM
the molecular weight of the fluid. The roughness is chosen to be 0.4,
0.65, and 1 lm, respectively, to fit the experimental values. The
changing tendencies of the measured and correlated heat transfer
coefficients as a function of the heat flux show a very good coher-
ence, therefore guarantying the reliability of our measurements.
Nevertheless, the Cooper correlation should not be used to predict
t e surface roughness w ile acco nting Rp as t e r presentative
of the number of nucleation sites (cf. Fig. 5). Indeed, Cooper consid-
ered that a greater value of Rp promotes a larger number of nucle-
ation sites on the surface but this assumption has not been proved.
Fig. 12a compares the heat transfer performance of subcooled
pool boiling on the hydrophilic surfaces. The tendency of the pre-
sente curves is relatively good and shows a significant change
of the HFC by the surface wettability change. Fig. 12b highlights
this observation and shows that the best HTC is obtained with
the surface that has a static contact angle close to either 0! or
90!. Indeed, fitted curves were plotted for experimental data at
heat flux from 90 to 290 kW/m2. Their extensions at 0! reach rela-
tively well the experimental data of Takata et al. [4] (except at
90 kW/m2). Therefore, our results seem to confirm the finding of
Takata et al. [4]: the superhydrophilic surface exhibits excellent
heat transfer characteristics in nucleate boiling.
4. Data interpretation
4.1. Dynamic contact angle approach for nucleation
The videos recorded by the high speed camera showed a pro-
gressive change of the contact angle during the bubble growth
(cf. Fig. 13). As the test surfaces have small deep cavities (cf.
Fig. 3), we assume that water wets the working surface completely
during experiment (Wenzel [28] model). Hence, a new mechanism
of bubble formation during nucleate boiling has been developed
and is now pres nted as follows (cf. Fig. 14):
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Fig. 11. Heat transfer coefficient of an untreated stainless s el surface.
Table 2
Operation conditions and uncertainties.
Parameter Operational range Uncertainty
S (cm2) 10 3%
V (V) 5–20 0.008–0.011%
I (A) 5–20 0.010–0.015%
P (bar) 1 ±0.01
Ts (!C) 100 ±0.2
Tw (!C) 100–150 ±1
q (kW/m2) 50–400 3%
h (W/m2 K) 3000–16,000 10–20%
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Fig. 12. Effects of the surface wettability on the heat transfer coefficient (L, liquid phase and ONB, onset of nucleate boiling).
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Fig. 11 depicts the comparison of experimental values and pre-
dictions given by Cooper [27] correlation for the test foil without
nanop rticles deposition. The Cooper equation d velop d for
nucleate pool boiling, accounts for heat flux, surface roughness
and reduced pressure effects as follows:
h ¼ 55p"ð0:12$0:2log10Rp Þ ð$log10p"Þ$0:55q0:67M$0:5 ð7Þ
where p* = p/pcr is the reduced pressure, Rp is the roughness as de-
fined in German standard DIN 4762/1, q the heat flux density andM
the molecular weight of the fluid. The oughness is cho en to be 0.4,
0.65, and 1 lm, respectively, to fit the experimental values. The
changing tendencies of the measured and correlated heat transfer
coefficients as a function of the heat flux show a very good coher-
enc , therefore guar ntying the reliability of our measurements.
Nevertheless, the Cooper correlation should not be used to predict
the surface roughness while accounting Rp as the representative
of the number of nucleation sites (cf. Fig. 5). Indeed, Cooper consid-
ered that a greater value of Rp promotes a larger nu ber of nucle-
ation sites on the surface but this assumption has not been proved.
Fig. 12a compares the heat transfer performance of subcooled
pool boiling on the hydrophilic surfaces. The tendency of the pre-
sented curves is relatively good and shows a significant change
of the HFC by the surface wettability change. Fig. 12b highlights
this observation and shows that the best HTC is obtained with
the surface that has a static contact angle close to either 0! or
90!. Indeed, fitted curves were plotted for experimental data at
heat flux from 90 to 290 kW/m2. Their extensions at 0! reach rela-
tively well the experimental data of Takata et al. [4] (except at
90 kW/m2). Therefore, our results seem to confirm the finding of
Takata et al. [4]: the superhydrophilic surface exhibits excellent
heat transfer characteristics in nucleate boiling.
4. Data interpretation
4.1. Dynamic contact angle approach for nucleation
The videos recorded by the high speed camera showed a pro-
gressive change of the contact angle during the bubble growth
(cf. Fig. 13). As the test surfaces have small deep cavities (cf.
Fig. 3), we assume that water wets the working surface completely
during experiment (Wenzel [28] model). Hence, a new mechanism
of bubble formation during nucleate boiling has been developed
and is now presented as follows (cf. Fig. 14):
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(receding contact angle), and a dry spot results from the evaporation of the liquid micro-layer close 
to the surface. Then, as the vapour bubble is lifted from the surface, the liquid advances (advancing 
contact angle).  
 
 
	  
Figure	  5:	  Receding	  and	  advancing	  contact	  angles	  
 
 
In this process, the dynamic of the contact angle is essential to determine the bubble detachment 
volume and the bubble detachment frequency, and consequently the effectiveness of the heat 
transfer mechanism. Sample results by Ramanujapu and Dhir [5] are reported in Figure	   6. The 
dynamic contact angle during the bubble life is shown as a function of triple line velocity and wall 
superheat, on a copper surface. 
 	  
	  
Figure	  6:	  Dynamic	  contact	  angle	  vs.	  triple	  line	  velocity	  (figure	  from	  [5]) 
solid surfaces and used a sessile drop experiment to mea-
sure the advancing and receding contact angles. The con-
tact angle hysteresis was assumed to be dependent on the
surface roughness and the equilibrium contact angle was
linearly approximated setting the hysteresis to be zero.
Shoji and Zhang [3] experimentally measured contact angle
of water on copper, glass, aluminum and Teflon surfaces.
The receding contact angle was found to decrease with sur-
face roughness while the advancing contact angle remained
almost constant. They also developed a model for evaluat-
ing surface wettability by introducing a surface roughness
parameter and a surface energy parameter. They concluded
that the advancing and receding contact angles are unique
for any liquid–solid combination and the surface condition.
Brandon and Marmur [4] simulated contact angle hys-
teresis for a two-dimensional drop on a chemically hetero-
geneous surface. The intrinsic contact angle was assumed
to vary periodically with distance from the center of the
drop. The changes in free energy of the system, the contact
angle and the size of the base of the drop were calculated
with changes in the volume of the drop. The authors con-
cluded that the quasi-static analysis of the dependence of
the free energy of the system on the drop volume could
explain the contact angle hysteresis measurements. Kandli-
kar and Steinke [5] made photographic observations of
liquid droplets impinging on a heated surface. They studied
the eﬀects of surface roughness and surface temperatures
on the dynamic advancing and receding contact angles.
They found that the equilibrium contact angle first
decreased and then increased with surface roughness. The
dynamic advancing and receding contact angles were found
to be equal for high wall superheats at critical heat flux
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solid surfac s and used sessile drop experiment to m a-
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3.7. Microlayer evaporation
Several previous studies [1,12,14,18] of single vapor
bubbles growing on a heated wall have included the eﬀect
of microlayer evaporation. Son et al. [12] reported micro-
layer contribution to be about 20% for a certain set of cal-
culations. The transient conduction due to liquid motion
being major contributor to wall heat transfer in nucleate
boiling, the eﬀect of contact angle on bubble dynamics
is the focus of this work. Since the eﬀect of microlayer
is seen to be small and no reliable experimental data on
microlayer thickness under the bubble is available, the
present simulation is carried out to highlight the eﬀect
of liquid motion and transient conduction around a bub-
ble. Hence the eﬀect of microlayer evaporation at the
bubble base has been excluded in the subsequent cal-
culations.
4. Results
Five diﬀerent cases have been studied:
Case 1: Static contact angle of 54!.
Case 2: Constant advancing contact angle of 61! and con-
stant receding contact angle of 48!.
Case 3: Advancing and receding contact angle as function
of contact line velocity.
Case 4: Constant advancing contact angle of 90! and con-
stant receding contact angle of 54!.
Case 5: Constant advancing contact angle of 54! and con-
stant receding contact angle of 20!.
In Cases 4 and 5 one of the dynamic contact angles is
54! which is same as the static contact angle used in Case
1. The 90! advancing contact angle is chosen in Case 4 to
represent surfaces with low wettability. The 20! receding
contact angle is chosen in Case 5 to represent surfaces with
high wettability with same amount of hysteresis as in Case
4.
Fig. 3 shows the experimental data obtained by Raman-
ujapu and Dhir [7] for variation of contact angle at the base
of a single vapor bubble. They plotted the contact angle as
a function of interface velocity. The plot shows an approx-
imate maximum advancing contact angle of 61! and an
approximate minimum receding contact angle of 48!. The
fitted curve shows a linear variation of contact angle
between limiting interface velocities. The static contact
angle was 54! for the test surface. The data from Fig. 3
has been used in Cases 1–3.
4.1. Case 1 – static contact angle
Numerical simulation of a single bubble has been car-
ried out with a static contact angle of 54!. Fig. 4 plots
the equivalent bubble diameter and the bubble base diam-
eter as a function of time. The bubble equivalent diameter
is calculated assuming a sphere of equal volume. The bub-
ble base diameter is found to increase initially and stay con-
stant at 1.85 mm at around 30 ms. The base diameter
decreases thereafter and becomes zero at 54 ms. This indi-
cates bubble departure with an equivalent diameter of
3.5 mm.
4.2. Case 2 – constant advancing and receding contact angles
Fig. 5 shows the results of numerical calculations with
diﬀerent advancing and receding contact angles. In this
Fig. 3. Experimental observation of dynamic contact angle at bubble base
during nucleate pool boiling [7].
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Aim	  of	  the	  present	  work	  
 
This work is aimed at improving the understanding of dynamic contact angles. This phenomenon is 
investigated experimentally by controlling the growth a liquid droplet on a surface. The correlation 
between contact angle and triple line velocity has been identified, with a particular insight into the 
effect of the injection flow rate. 
 
A literature review on dynamic contact angles is presented in Chapter 2. Publications on the topic 
are divided in three categories, depending on the approach adopted to correlate contact angle and 
triple line velocity: completely empirical, semi-empirical or theoretical and numerical. 
A detailed description of the experimental apparatus and operating procedures is reported in 
Chapter 3. Post-processing techniques are detailed in Chapter 4. Then, the analysis of experimental 
results is presented in the Part III:. 
  
2	  	   State	  of	  the	  art	  
 
A	  short	  introduction	  to	  wetting	  phenomena	  
 
When a drop of liquid is placed on a surface, its shape evolves until it reaches an equilibrium state. 
This process depends mostly on properties of the surface and on external conditions (temperature 
and humidity). The role of interfacial forces acting on the three-phase contact line is also very 
important. 
The first study on wetting phenomena was probably reported by Young [16], giving the name to the 
well-known Young’s equation; resulting from the well-known equation expressing equilibrium of 
contact line along the surface: 
𝛾!" =   𝛾!" + 𝛾!" cos𝜃 (3)  
	  
Figure	  7:	  Sketch	  of	  a	  sessile	  droplet	  	  	  
Where the meaning of the different terms is clarified by Figure 7. We distinguish three phases: the 
liquid L, the solid surface S and the surrounding atmosphere V. θ is the equilibrium contact angle. 
The contact angle can be between θ = 0 e θ = 180° (See Figure 8). The former case corresponds to 
perfect wettability; the latter corresponds to perfect non-wettability. More often, as for the surfaces 
used in this study and for most metallic surfaces, partial wetting occurs.  
 
 
	  
Figure	  8:	  Behaviour	  of	  a	  sessile	  droplet	  on	  a	  surface,	  from	  hydrophilic	  (left)	  to	  hydrophobic	  (right) 
 
 
Furthermore, it has to be noticed that real surfaces are neither perfectly smooth nor totally 
homogeneous. This difference with the ideal case is at least partly responsible of contact angle 
hysteresis. In reality, the static contact angle can be within the receding contact angle, θr, and the 
advancing contact angle, θa, defined as the ultimate contact angles for which the liquid droplet start 
to advance or recede on the surface, respectively. 
LV	  
SV	  
Even more challenging is the characterization of contact angle when the triple line moves 
advancing or receding on the solid surface, as in the case of spreading liquid droplets or even 
boiling phenomena. 
 
 
	  
Figure	  9:	  Advancing	  𝜽𝒂	  and	  receding	  𝜽𝒓	  contact	  angles	  on	  a	  tilted	  surface 
 
 
Dynamic	  contact	  angles	  
 
The phenomena of droplets spreading upon a surface have been extensively studied since the end of 
1960s. Despite its apparent simplicity, the problem of the accurate determination of the dynamic 
contact angle of a liquid droplet spreading upon a surface is very difficult to tackle. For this reason 
considerable efforts have been dedicated to it during the last forty years. 
A considerable amount of correlations and models for droplet formation, spreading and triple line 
velocity are available nowadays. Most of them describe the phenomenon in terms of some 
dimensionless numbers: 
 
• Eötvös number (also known as Bond number) 
𝐸𝑜 = 𝑔  𝐷!  Δ𝜌𝛾  (4)  
• Weber number 
𝑊𝑒 = 𝜌  𝑣!𝐷𝛾  (5)  
• Capillary number 
𝐶𝑎 = 𝜇  𝑣𝛾  (6)  
𝜃!	  
𝜃!	  
The Eötvös number is the ratio of gravity to interfacial forces. The Weber number is the ratio of 
inertial forces to interfacial forces at the liquid-gas interface. The Capillary number is the ratio of 
viscous forces to interfacial forces at the liquid-gas interface. 
An accurate literature review has been carried out to determine the most significant correlations and 
theories, together with the experimental techniques and the methodology of analysis adopted in 
these studies, spanning over a period of 50 years. In fact, the approaches to the phenomenon have 
changed with time. In the past the most common approach was to correlate the contact angle with 
the triple line velocity.  Hoffman [17], Jiang et al. [18], Seeberg and Berg [19], Bracke et al. [20], 
Gokhale et al. [21], Hocking [22],[23] and Tanner [24] adopted this strategy. All these authors 
developed correlations based on experimental measurements, using different experimental 
techniques: capillary tubes, but also evaporation and condensation, and eventually impinging 
droplets, which has been more and more used in the more recent years. 
A summary of correlation and experimental techniques proposed by the different authors is reported 
in Table 1, where 𝜃! is the dynamic contact angle. 
 
 
Author Type   Experimental Technique 
Tanner [24] Theoretical 𝜃!! − 𝜃! = 𝐾  𝐶𝑎 (7)  Glass Capillary Tube 
Jiang [18] Empirical cos 𝜃 − cos 𝜃!cos 𝜃 + 1 = tanh 4.95  𝐶𝑎!.!"#  (8)  Glass Capillary Tube 
Seeberg [19] Empirical cos 𝜃 − cos 𝜃!cos 𝜃 + 1 = 2  𝐶𝑎!.! (9)  Wilhelmy Plate 
Bracke [20] Empirical 
cos 𝜃 − cos 𝜃!cos 𝜃 + 1 = 2.24  𝐶𝑎!.!"                                                        cos 𝜃 − cos 𝜃!cos 𝜃 + 1 = 4.47  𝐶𝑎!.!"          if  𝐶𝑎 ≤ 10!! (10)  Wilhelmy Plate 
Gokhale [21] Empirical 𝑈! = 0.0002  𝜃!! − 0.0029  𝜃!! + 0.0197  𝜃 − 0.0463 (11)  Condensation/Evaporation 
Hocking [22] Theoretical 𝜃!! − 𝜃! = 9  𝐶𝑎 ln 1/𝛽  (12)  Thin Drop Analysis 
Hocking [23] Empirical 𝜃!! − 𝜃! = 72  𝐶𝑎 (13)  Glass Capillary Tube 
Table	  1:	  Empirical	  correlation	  for	  dynamic	  contact	  angles 
 
 
Other authors have tried to understand the mechanism of the moving wetting line. Blake and 
Haynes [25] proposed the Molecular Kinetic Theory (MKT), Tanner [24] gave an important 
contribution founding a general tendency in contact angle behaviour during spreading, Cox [26] and 
Voinov [27] proposed a Hydro Dynamic Theory (HDT), Hocking [23] made a study on drops 
achieving equilibrium. Thanks to the works made by Bayer and Megaridis [28] and Blake [29], a 
short insight in the two most important theories is proposed hereafter.  
 
 
Hydrodynamic	  theory	  
 
When Navier-Stokes Equations are solved in the proximity of a moving contact line, there is a 
singularity in stress at the contact line, leading the drag force to non-finite values on the solid 
boundary [34], [35], [36]. The stress diverges as 1/r when r → 0 (r represents the distance along the 
surface from the contact line). In order to avoid this singularity, slip has been postulated to occur 
between the liquid and the solid surface at small distances, LS, from the contact line. Four types of 
slip conditions have been postulated by different researchers [37]: 
 
• Zero tangential stress at the solid surface within a distance LS from the contact line and no 
slip for distances greater than LS. 
 
• Difference in tangential velocity between liquid and solid (slip velocity) proportional to the 
local shear velocity gradient at the solid surface. 
 
• Slip velocity algebraically dependent upon distance from the contact line. 
 
• Slip velocity proportional to the power of the local shear velocity gradient. 
 
 
Cox [26] considered the triple line motion for a general geometry in which one fluid displaces 
another. The main assumptions of Cox’s viscous theory are that the triple line motion is steady, the 
flow is entirely viscous (satisfies the Stokes Equations with Re << 1), the liquid is advancing and 
the surface is ideally smooth. Cox defined the macroscopic contact angle in terms of the asymptotic 
angle that the interface makes with the solid surface as the contact line is approached at the 
macroscopic (experimental) length scale (LH). Using the interface shape close to the contact line, 
Cox found an expression for the macroscopic contact angle in terms of the Triple Line Velocity 
(TLV) 𝑉!" and the microscopic contact angle θm, which was defined as the angle the liquid interface 
forms with the solid surface at distances of the order of the slip length LS from the triple line (see 
Figure 10). 
 
 
	  	  
Figure	  10:	  Dynamic	  and	  microscopic	  contact	  angles	  at	  the	  triple	  line	  (figure	  from [29]) 
In its simplest form, the resulting formula describing the change in the dynamic contact angle due to 
the viscous bending of the liquid–gas interface (Figure 10) may be written in terms of the capillary 
number as: 
 𝐶𝑎 = 𝑔! 𝜃 − 𝑔!(𝜃!)ln 𝐿!𝐿!  (14)  
 
where the function 𝑔! 𝜃  is given by 
 
𝑔! 𝜃 = 𝜙 − sin𝜙 cos𝜙2 sin𝜙 𝑑𝜙!!  (15)  
 
For static or dynamics contact angles smaller than 3π/4, as in most metallic surfaces, the integrand 
may be approximated by  𝜃! 9  ; hence Eq.14 becomes:	  	  
 
𝜃!! − 𝜃!! = 9  𝐶𝑎 ln 𝐿 𝐿!     with    𝜃! = 𝜃  and    𝜃! < 3𝜋/4 (16)  
 
There is, as pointed out by Cox, some experimental evidence to suggest that for some systems at 
least, the microscopic contact angle is a constant, whose value depends only on the particular liquid 
and solid surface involved. However, for systems in which the microscopic contact angle could 
depend on the spreading velocity, owing perhaps to effects at the molecular scale, Cox’s theory is 
still valid but with θm = f(𝑉!"). This last assumption is supported by Voinov [27] and Ramé et al. 
[38]. Shikhmurzaev [39] also suggested that the contact angle is not only velocity dependent, but 
also sensitive to the entire flow field near the wetting line. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Molecular	  Kinetic	  Theory	  
 
Using the theory of absolute reaction rates and stating that the essential triple line motion takes 
place by molecules “jumping” along the solid surface from the liquid to the vapour side of the 
contact line [25], the macroscopic behaviour of the triple line depends on the general statistics of 
the molecular displacements. These displacements occur in the three-phase zone, as sketched in 
Figure 11. 
The molecular-kinetic theory postulates that the entire energy dissipation occurs at the moving 
triple line. The wetting line moves with velocity 𝑉!", and the liquid shows a dynamic advancing 
contact angle 𝜃! such that 𝜃! > 𝜃 , where 𝜃 is the equilibrium contact angle.  
According to this theory, the velocity of the triple line is determined by the frequency κ and length 
λ of each molecular displacement. These displacements take place at the adsorption sites on the 
solid surface. The length of the molecular displacement λ is influenced by the size of the liquid 
molecules and depends strongly on the spacing of successive adsorption sites on the target surface.  
 
 
 
	  
Figure	  11:	  Motion	  of	  molecules	  at	  the	  contact	  line	  (figure	  from	  [29]) 
 
 
The triple line velocity is then given by 𝑉!" = 𝜅  𝜆, where 𝜅 is the net frequency of molecular 
displacement (jump frequency). For the contact line to move, work must be done to overcome the 
energy barriers that prevent molecular displacement. This work is done by the surface tension force, 
which is: 
𝛾 cos𝜃 − cos𝜃!  (17)  
 
expressed per unit length of the contact line. The work done by this force is entirely developed in 
the contact point zone.  
Combining these ideas and using Frenkel–Eyring activated rate theory of transport in liquids, the 
following relationship between 𝜃 and 𝑉!! was obtained by Blake & Haynes [25]: 
𝑉!" = 2  𝜅!   𝜆 sinh 𝛾  𝜆!2  𝑘  𝑇 cos𝜃 − cos𝜃!  (18)  
 
where k and T denote Boltzmann’s constant and the absolute temperature respectively. The number 
of absorption sites per unit area on the surface (𝑛) is related to λ by λ ≈ n−1/2. In addition, the 
equilibrium jump frequency 𝜅! is related to the effective molar activation energy of wetting Δ𝐺! 
by:  
𝜅! =   𝑘  𝑇ℎ exp −  Δ𝐺!𝑁!  𝑘  𝑇  (19)  
 
where 𝑁! is Avogadro’s number and h stands for Planck’s constant.  
For viscous flow in simple liquids, Δ𝐺! is about 10 kJ mol−1, as reported by Blake [40]. High or 
low values of Δ𝐺! imply, respectively, strong or weak dependence of the contact angle on triple 
line velocity. 
As noted by Bayer and Megaridis [28], a limitation of 𝜅! expression is that it lacks of consideration 
for viscous losses at the triple line, although this property may have a strong influence on the 
dynamic contact angle. In fact, both solid-liquid interactions and viscous molecular interactions are 
expected to operate at the triple line while spreading over the solid surface. 
A better approximation to the real mechanism of dissipation at the contact line is to combine 
viscous and liquid/solid interactions by writing Δ𝐺! = Δ𝐺! + Δ𝐺!, where Δ𝐺! is the contribution 
arising from the influence of the surface, and Δ𝐺! is the contribution due to the influence of the 
liquid interactions at the molecular scale. 
On the basis of those assumptions and with the help of the theory of absolute reaction rates [25], 
two new terms of interaction frequency can be identified: the first associated to fluid/molecules 
interaction and the other to solid/liquid interaction:  
 
𝜇 =   ℎ𝑣 exp   Δ𝐺!𝑁!  𝑘  𝑇  (20)  
𝜅! =   𝑘  𝑇ℎ exp −Δ𝐺!𝑁!  𝑘  𝑇  (21)  
𝜅! = 𝜅! ℎ𝜇  𝑣 (22)  
 
where 𝑣 is the specific volume of the fluid.  
Consequently, Eq. 19 can be rewritten as:  
 
 
𝑉!" =   2  𝜅!  ℎ  𝜆𝜇  𝜈   sinh 𝛾2  𝑛  𝑘  𝑇 cos𝜃 − cos𝜃!  (23)  
Molecular-kinetic parameters can be thus obtained by the use of this equation with nonlinear least-
squares-fit analysis of the experimental data and subsequent use of Eqs. 20, 21 and 22. 
According to the theory outlined above [28], if liquid molecular interactions are weak, i.e. Δ𝐺! is 
negligible, then 𝜅! ≈ 𝜅!. If solid-liquid interactions are also weak, i.e. 𝜅! is large, then Eq. 23 
predicts 𝜃! to be weakly dependent on the triple line velocity.	  Small equilibrium contact angles θe 
mean strong solid/liquid interactions, large equilibrium contact angles mean weak solid/liquid 
interactions. Furthermore,  Δ𝐺! Δ𝐺! ≫ 1 means that the liquid is likely to interact strongly with the 
solid surface, as for example in the case of aqueous glycerol on glass. If  Δ𝐺! Δ𝐺! ≪ 1, the solid-
liquid interactions are instead relatively weak, as for example in the case of silicon oils on glass.  
The values of Δ𝐺! Δ𝐺! given in Table	  2 indicate that under the conditions investigated by Bayer 
and Megaridis [28], both liquid/liquid and liquid/solid interaction forces at the molecular level 
jointly retard liquid front advancement.  
 
Despite their different hypotheses, both the hydrodynamic and molecular kinetic models have been 
proven to be reasonably accurate in describing the behaviour of dynamic contact angle. A 
hypothesis that is having more and more consideration is the possibility that both wetting-line 
friction and viscous dissipation play a significant role in determining the dynamics of contact angle 
[27][42][43]. It is clear that the microscopic contact angle will be disturbed by movement of the 
contact line, as well as viscous flow in the small wedge of liquid near the contact line is likely to 
modify the meniscus profile in this region. The real question concerns the relative importance of the 
two effects and how they can best be described. 
Petrov et al. [42] have formulated an integrated theory by the simple expedient of combining Eq. 16 
and Eq. 18, using Eq. 18 to provide the value of θm in Eq. 16. This has yield to an equation with 
three adjustable parameters, λ, κ0 and ln(L/Lm).  
Not surprisingly, curve-fitting with this equation were very successful, giving in general a better 
agreement with experimental data than either Eq. 16 or Eq. 18 alone, especially for receding 
wetting lines and small contact angles. In addition, the values of the parameters obtained from the 
analyses appeared reasonable. Similar results have been obtained also by other scientists [44],[45]. 
By combining the molecular kinetic and conventional hydrodynamic models in this way, these 
authors have helped us to appreciate that the real physics of the moving wetting line is probably 
more complex than single models would suggest. 
Differently from both those approaches, recent studies (usually after the years 2000) focused their 
efforts in simulating numerically impinging droplets [46],[47], droplets sliding down an inclined 
wall [48] and capillary tubes behaviour [49],[50]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Liquid - Solid System V0 (m/s) θs (°) λ (nm) kw (s-1) 
× 106 
ks (s-1) 
× 1011 
ΔGw (kJ/mol) 
(ΔGS +ΔGV) 
ΔGS/ΔGV 
H2O – partially wettable surf. (1st test) 0.77 73 1 3 1.3 18.6 0.7 
H2O – partially wettable surf. (2st test) 0.77 73 1.1 1.1 0.5 16.2 1.6 
H2O – partially wettable surf. (1st test) 0.45 73 1.1 1.2 54 27.8 0.6 
H2O – partially wettable surf. (2st test) 0.45 73 1.1 0.87 37 26.9 0.7 
Table	  2:	  MKT	  parameters	  by	  Bayer	  &	  Megaridis’	  study	  of	  impacting	  water	  droplets	  on	  partially	  wettable	  surfaces	  
[28] 
 
 
 
Liquid - Solid System We θm (°) Lm (m) 
H2O – partially wettable surf. (1st test) 0.3 96 2.27 × 10-12 
H2O – partially wettable surf. (2st test) 0.16 110 1.61 × 10-11 
H2O – partially wettable surf. (1st test) 0.90 93 4.73 × 10-13 
H2O – partially wettable surf. (2st test) 1.80 101 1.65 × 10-15 
Table	  3:	  HDT	  parameters	  by	  Bayer	  &	  Megaridis’	  study	  of	  impacting	  water	  droplets	  on	  partially	  wettable	  surfaces	  
[28] 
 
 
 
Liquid - Solid System µ (Pa s) γ (mN m-1) θs (°) λ (nm) kw (s-1) Ref. 
H2O - Polyethylene terephthalate tape (PET) 0.001 72.4 82 1.1 2.5 × 105 [32] 
H2O - PET – high velocity 0.001 72.4 82 0.36 8.6 × 109 [32] 
16% glycerol/ H2O - PET 0.0015 69.7 72.5 2.1 6.2 × 102 [29] 
86% glycerol/H2O - Polyethylene coated paper 0.104 65.8 88 0.67 6.3 × 106 [29] 
H2O - PET 0.001 72.4 82 1 2.7 × 105 [32] 
H2O - PET 0.001 72.4 82 1 2.0 × 105 [31] 
H2O - PET 0.001 72.4 82 0.99 9.2 × 106 [33] 
Table	  4:	  MKT	  parameters	  by	  different	  advancing	  contact	  angle	  studies 
 
 
 
Liquid - Solid System µ (Pa s) γ (mN m-1) θs (°) θm (°) ln(L/Lm) Ref. 
16% glycerol/water on PET 0.0015 69.7 72.5 84 97 [29] 
86% glycerol/H2O - Polyethylene coated paper 0.104 65.8 88 91 11.3 [29] 
Table	  5:	  HDT	  parameters	  by	  advancing	  contact	  angle	  studies 
 
 
 
 
 
 
 
 
 
 
Part	  II: Experimental	  activity	  
	  
3	  	   Experimental	  Apparatus,	  Operating	  Procedures	  and	  Test	  Matrix	  
 
Dynamic contact angles have been studied by analysing growth and decrease of liquid droplets on 
selected surfaces. The apparatus consists of a test sample, with the test surface, which is connected 
to a glass syringe activated by a syringe pump. A digital camera equipped with a telecentric lens is 
used for the acquisition droplet images. To achieve the desired light contrast, a led light is used to 
light the drop up from the back. 
 
 
	  
Figure	  12:	  Experimental	  apparatus 
 
Test	  sample	  
 
Different test samples have been adopted, made out of different materials (plexiglas, aluminium, 
copper, brass, stainless steel, see Fig. 9) and with different surface roughness (only for stainless 
steel, see Fig. 10) of the test surface. A hole (0.5 mm of diameter) is drilled on the test surface (top 
of the cylinder), through which injection or suction of deionized (DI) water is realized. DI water is 
supplied by a stainless steel pipe connected to the lateral surface of the test sample.  
To obtain mirror polished surfaces, the test surface has been polished manually with small grain 
papers and diamond paste with a grain size of 3 microns. The roughness Ra (arithmetic average of 
the absolute values of the vertical distances from the mean line to the data points) obtained by this 
process is around 0.01 µm. 
 	  
Figure	  13:	  Test	  samples	  made	  out	  of	  different	  materials 
 
 
 
	  
Figure	  14:	  Stainless	  steel	  samples	  with	  different	  roughness 
 
 
 
 
Plexiglas	  
Aluminium	  
Brass	  2nd	  
Copper	  
Brass	  
Hole	  0.5	  mm	  diameter	  
Ra	  ≅ 	  0.01	  
Ra	  ≅ 	  0.0525	  Ra	  ≅ 	  0.0855	  Ra	  ≅ 	  0.7161	  
Rmr	  =	  3.75%	  Ra	  ≅ 	  0.6862	  Rmr	  =	  0.3%	  
Injection	  system	  
 
A two-way syringe pump is used to inject and suction DI water. The syringe used is a SGE1 glass 
syringe with a volume of 25 mL, an outer diameter of 27 mm. The pump is a KD Scientific Legato 
1102. It can deliver constant volumetric flow rate spacing from an order of magnitude of pL/min up 
to mL/min with a calculated accuracy of ±30%. We will verify this value later (Part III, Section 1). 
To minimize compressibility issues, the syringe is connected to the stainless steel pipe of the test 
sample by a hard Plexiglas tube 3 mm in the external diameter. 
 
 
	  
Figure	  15:	  Connection between the plastic tube and the stainless steel pipe attached to the test sample (left) and droplet 
growing on a copper mirror-polished surface (right) 
	  
Camera	  and	  light	  
 
The digital camera used for image acquisition is a PIKE F-421B with a resolution of 2048x2048 
pixels, equipped with telecentric lens. It is a mounted on micrometric translation and rotation stages 
in order to regulate the focal distance and the focal plane and is connected to the PC trough Ethernet 
connection. The maximum frame rate achieved by the camera is 15.58 frames per second. A spatial 
resolution of 340 pixel/mm was usually adopted. 
 
 
Operating	  procedure	  
 
At the beginning of each experiment the test surface is levelled with the gravity plane and cleaned 
with ethanol and dried air. After this “dry-cleaning”, a “wet cleaning” is performed with the same 
fluid of the injection (DI water). The “wet cleaning” is also necessary for repeatability purpose, 
since metallic surfaces abnormally behaved as hydrophobic surfaces during the first wetting, as also 
observed by Bayer and Megaridis [28]. 
Tests are thus realized by injecting (for advancing contact angles) and sucking (for receding contact 
angles) DI water. A triple line is thus realized at the air/water/solid interface. Water and air 
properties at ambient conditions are reported in Table 6. 
 
 
 Surface Tension [N/m] Density [kg/m3] Dynamic Viscosity [Pa s] 
DI Water 0.0718 997 1.002 x 10
-3 
Air 1.18 18.6 x 10-6 
Table	  6:	  Fluid	  properties	  at	  the	  operating	  conditions	  
Different initial conditions have been investigated for our injection transients: from initial volume 
of 0 mm3 and from a static drop of finite volume. It will be shown later that this will lead to 
different contact angle behaviours. 
 
 
Test	  Matrix	  
 
The test matrix is reported in 	  Table	   7. Five different mirror-polished surfaces have been investigated (in green): aluminium, 
brass, copper, plexiglas and stainless steel. All the tests have been realized with a resolution of 150 
mm/pixel. Brass was investigated with two different optical setups (150 and 340 mm/pixel). Surface 
roughness effects were investigated on stainless steel surfaces (in red). These tests are labelled with 
the grain size of the paper used to polish the surface. Further details on the characterization of these 
surfaces can be found in appendix. Different volumetric flow rates have been realized (in blue). To 
check the repeatability of the measurement, each experimental condition has been repeated several 
times, as reported in 	  Table	  7.	  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
	  
Table	  7:	  Test	  matrix	  	  	  	  
	  Part	  III: Analysis	  of	  experimental	  results	  
4	  	   Post-­‐processing	  techniques	  
 
This section describes how, from raw images recorded by the camera, we obtain relevant quantities, 
such as: 
 
• curvature radius at top of the droplet and at every point of the interface; 
• wet diameter; 
• contact angle; 
• height; 
• volume; 
• droplet profile. 
 
In this aim, two different MATLAB codes have been used (detailed in appendices):  
 
• a code based solely on geometrical considerations, developed at DESTEC 
Department in Pisa University; 
• a more physical code, developed by Konduru [53] and also used by Fighera [54]. 
 
Two important requirements for the recorded images are: focus and high resolution. 
Resolution, or scale factor, is the relation between the sensor size (in pixels) and the target size (in 
millimetres). The usual scale factor achieved in this study is about 340 pixel/mm (see Figure 16). 
High resolution refers to a high scale factor. As a matter of fact, there is a compromise between the 
length scale of the phenomenon that we are investigating and the accuracy that we want to achieve 
with the image processing. 
 
 
 
Figure 16: Determination of the pixel size 
 
256	  pixels 
0.75	  mm 
Focus means “how” sharp is the gradient of the colour at the interface. As a matter of fact, there is 
always light diffusion at the interface between the drop (almost black) and the background (almost 
white), leading to a less sharp definition of the droplet shape (see Figure 17). 
 
 
 
 
Figure 17: Sharpness of the droplet interface (cut view profile on the right figure) 
	  	  
Common	  features	  of	  the	  post-­‐processing	  codes	  
 
The first steps of the post-processing techniques are essentially the same for both codes. As a first 
step, the raw image of the drop (see Figure 18) is subtracted from the background and bad pixels are 
fixed (see Figure 19).  
 
 
	  
Figure	  18:	  Initial	  image	  	  
	  
Figure	  19:	  Initial	  image	  subtracted	  to	  background	  
 
Then, the image is converted into grey-scale (see Figure 20) and then into black and white (see 
Figure 21). The conversion into black and white is achieved with the use of a threshold. This 
threshold is a normalized intensity and lies in the range [0,1]. This range is relative to the signal 
levels possible for the image class. Its influence is less important if the image is clearly in focus and 
the interface can be well distinguished (the gradient of colour at the interface is sharp). 	  	  
	  
Figure	  20:	  Image	  converted	  to	  gray-­‐scale	  	  
	  
Figure	  21:	  Image	  after	  the	  application	  of	  the	  threshold	  filter	  	  	  
The Canny method is then used to find edges by seeking local maxima of the gradient of the image. 
Thus, if the image is just black and white, it will detect the interface created by the threshold filter 
(see Figure 22). The image is then converted from pixels to millimeters trough the scale factor (see 
Figure 23). 
 
 
	  
Figure	  22:	  Droplet	  interface	  detected	  by	  the	  Canny	  method	  	  
	  
Figure	  23:	  Droplet	  profile	  in	  millimetres	  	  
The	  Geometrical	  Code	  by	  DESTEC	  	  
 
The DESTEC code is able to identify the perimeter of the droplet in a matrix used by the routine 
regionprops of the MATLAB’s Image Processing Toolbox (IPT) to extract the relevant quantities 
of the droplet. Some quantities are straightforward once the droplet profile is known (droplet height, 
wet diameter), some other quantities require specific developments. 
In particular, the droplet volume has been evaluated by the Papp-Guldin Theorem: the volume of a 
solid of revolution Ω obtained by rotating by an angle 𝜙 ϵ [0:2π], around the axis z, a plane area 𝑑𝐴 
is 
𝑉 =     𝜙 ∙ 𝑟 ∙ 𝑑𝐴 (24)  
Where	  𝑟 is the radial coordinate of the barycentre of the Area 𝑑𝐴. This relation has been applied to 
every pixel of the drop, considered as an axisymmetric body. 
 
For what concerns the contact angle, a least square regression with a parabolic function on drop 
lower points close to the triple line has been used (see Figure 24) 	  	  
	  
Figure	  24:	  Profile	  of	  the	  drop	  in	  black	  (red	  points	  are	  the	  points	  used	  for	  regression	  process	  and	  blue	  curve	  is	  the	  
regression	  curve	  used	  in	  the	  estimation	  of	  contact	  angle)	  	  	  
A similar approach has been used to evaluate the local curvature: for every point of the interface, 
the 5 leftmost and the 5 rightmost points before have been used to find the interpolating 2nd order 
polynomial (see Figure 25) and obtain the two principal curvatures of the drop profile  𝑦(𝑟) by 
classical mathematical formulae for a solid of revolution [55]: 
 
 
𝐾! = − 𝑑!𝑦 𝑑𝑟!1+ 𝑑𝑦 𝑑𝑟 ! ! ! (25)  
 
 
𝐾! = sin tan!! 𝑑𝑦 𝑑𝑟𝑦  (26)  
 
 
 
	  
Figure	  25:	  Profile	  of	  the	  drop	  in	  green	  line	  (red	  points	  are	  the	  points	  used	  for	  regression	  process	  and	  blue	  curve	  is	  
the	  regression	  curve	  used	  in	  the	  evaluation	  of	  curvature).	  Measures	  in	  mm.	  
 
 
 
 
Konduru’s	  code	  
 
The most well established methodology is the Axisymmetric Drop Shape Analysis Profile 
(ADSAP) developed by Neumann et al. ([56], [57]). This methodology addresses static conditions 
and uses a Laplace-Young fitting of the droplet profile instead of polynomial fittings. It consists of 
an iterative procedure to find the best fit between the experimental drop profile, described by a 
finite number of points, and the numerical solution for an axisymmetric profile derived by the 
Young-Laplace Equation: 
𝑝! − 𝑝! = 2  𝛾  𝐾 (27)  
 
Which, applying the Stevino’s law becomes: 
𝜌! − 𝜌!   𝑔  𝑦 + 2  𝛾 𝑅! = 𝛾   1𝑅! + 1𝑅!  (28)  	  
Substituting the two curvature radii: 
 1𝑅! = 𝑑𝜗𝑑𝑠  (29)  
1𝑅! = sin𝜗𝑟  (30)  
 
We obtain: 
 𝑑𝑟𝑑𝑠 = cos𝜗 (31)  
𝑑𝑦𝑑𝑠 = sin𝜗 (32)  
𝑑𝜗𝑑𝑠 = 2𝑅! + Δ𝜌𝑔𝑦𝛾 − sin𝜗𝑟  (33)  
 
 
The Equation above is a second order differential equation, which can be solved numerically by 
optimization of two parameters: the curvature radius at drop top 𝑅! and the capillary length 𝑐 
through changes in surface tension 𝛾: 
 
  𝑐 = 𝛾Δ𝜌  𝑔 (34)  
 
The function to minimize is the sum of the square distances between the experimental profile (20 
points) and the Laplace Young equation.  
The contact angle is an output of this optimization process, since the code founds the slope of the 
profile at every point of the interface, triple line included.  
Therefore, a very accurate evaluation of the contact angle is expected. 
 
For what concerns the volume calculation, Konduru’s code is slightly different from DESTEC code, 
but their results are very close one each other. Thus they validate each other. 
What has to be noticed is that the nominal flow rates has an error of the order of 30%, as can be 
assessed in the Figure 26. 
 
 
	  
Figure	  26:	  Volume	  comparison;	  result	  of	  the	  method	  adopted	  by	  DESTEC’s	  code,	  result	  of	  the	  method	  adopted	  by	  
Konduru	  and	  flow	  rates	  (nominal	  and	  calculated)	  	  
  
5	  	   Momentum	  balance	  and	  dynamics	  of	  a	  spreading	  droplet	  
 
 
In this section the dynamic of a liquid drop is studied. Consider a drop sitting on a flat solid surface, 
as shown in Figure 27. 
 
 
	  
Figure	  27:	  Control	  volume	  for	  the	  momentum	  balance	  
 
 
As shown by Cattide et al. [58] for bubbles, the momentum balance for a droplet reads: 
 
 𝑑𝑑𝑡 𝜌!𝐯𝑑𝑉! = 𝜌!𝐠𝑑𝑉! + 𝐓!,! − 𝑝!𝐈+ 𝜌!𝐯! 𝐯! − 𝐯! ∙ 𝐧  𝑑𝑠!+ 𝐓!,! − 𝑝!𝐈+ 𝜌!𝐯! 𝐯! − 𝐯! ∙ 𝐧  𝑑𝑠! + 𝛾!"  𝐭!"  𝑑𝐿!"    (35)  
 
 
where the different terms are: variation of momentum, volumetric force acting in the volume (only 
gravity in our case), viscous stress and mass transfer (evaporation or condensation) integrated all 
over the drop interface and all over the contact area, and surface tension forces on the contact line. 
If evaporation of liquid and gas absorption are neglected, since the injection flow rate is constant, 
the drop volume grows linearly with time. Furthermore, if the variation of temperature and pressure 
are also negligible, the mass of the drop will also grow linearly with time. 
The balance for a drop of liquid, in quasi-static growing, can be therefore conveniently simplified as 
 
𝛾!"  𝐭!"  𝑑𝐿 + 𝜌!𝐠𝑑𝑉 − 𝑝!𝐈 ∙ 𝐧  𝑑𝑠!!!" − 𝑝!𝐈 ∙ 𝐧  𝑑𝑠! = 0 (36)  
 
 
γ	   γ	  
That in the vertical direction becomes 
F! + F! + F! = 0 (37)  
 
Where 
 
F! = πD!!4 2𝛾𝑅! + 𝜌!𝑔𝐻 − 𝜌!𝑔𝐻  (38)  
F! = −𝜋𝐷!𝛾 sin𝜃 (39)  
F! = 𝑉𝑔 𝜌! − 𝜌!  (40)  
 
This force balance has been verified experimentally for bubbles by Di Marco and Saccone 
[[59],[60]), but since passages from Eq. 35 to Eq. 37 involved the Laplace-Young equation that is 
generally valid for low Bond Number, bigger drops will not follow this momentum balance. 
Momentum balance (Eq. 37) is applied to different injection flow rate, as shown in Figure 28 
through 
Figure 31.  
 
Solid lines are obtained by numerical integration of Eq.31, 32 and 33, as proposed by Pitts [62]. 
Dots represent experimental data and are obtained by calculating the terms expressed by Eq. 38, 39 
and 40, using measured quantities. In both cases, two boundary conditions have to be set: the first 
one is the curvature radius at drop top, which varies cyclically; the second one is the contact angle. 
For contact angle in particular, two approaches can be adopted: to put in the numerical resolution 
the static contact angle (measured on a sessile droplet), or to use the dynamic contact angle obtained 
from the images of spreading droplet.  
Both options have been evaluated, but we think that the second one is more interesting: with this 
second approach we are using the Laplace-Young equation to determine the shape of the drop, 
including the effect of overpressure induced buy the flow field. 
This MATLAB routine has been created with the intent to predict bubble shapes and profiles by Di 
Marco, Forgione and Grassi [61], and has been modified in the present study to predict droplet 
shapes and profiles. 
 
The proposed momentum balances show that, whatever is the injection flow rate tested, the droplet 
evolution seems to be quasi-static. As it can clearly be seen, the overall balance (Eq. 37) is satisfied 
with a small discrepancy, usually below 5%. An exception is experienced during the latest stage of 
droplet grow for high flow rates, since the Bond number might become too large for the Laplace-
Young equation to be appropriate. 
 
 
	  
Figure	  28:	  Force	  balance	  for	  	  Q=0.005	  ml/min 	  	  	  
	  
Figure	  29:	  Force	  balance	  for	  Q=0.05	  ml/min 
	  
Figure	  30:	  Force	  balance	  for	  Q	  =	  0.1	  ml/min	  
	  
	  	  
	  
Figure	  31:	  Force	  balance	  for	  Q=1	  ml/min	  
 
 
 
Our choice to plot the balance with the dynamic contact angle instead of the static contact angle (a 
sample comparison is shown in Figure 32) is also due to the difficulty of catching the static contact 
angle, since hysteresis gave us a quite wide range of choice, as can be seen in Figure 33, where 
static contact angles for sessile droplets correspond to the first frame. 
 
	  
Figure	  32:	  Contact	  angle	  vs.	  droplet	  volume	  for	  Q=0.005	  ml/min.	  
Red	  line	  is	  the	  static	  contact	  angle.	  Blue	  spots	  are	  dynamic	  angles	  measured.	  	  	  
	  
Figure	  33:	  Evolution	  of	  the	  contact	  angle	  for	  different	  flow	  rates,	  starting	  from	  a	  sessile	  droplet 
 
 
So, with respect to the static equilibrium condition of sessile droplets (obtained by computing the 
static contact angle as the second boundary condition in the numerical solution) a new equilibrium 
is achieved (Momentum Balance is still satisfied), with a different droplet shape. A comparison 
between spreading and sessile droplets is shown in Figure 35 through Figure 37. The solid line 
represents the theoretical value for sessile droplet (a static contact angle of 65° is assumed), 
whereas blue dots are experimental values for spreading droplets. 
 
 
	  
Figure	  34:	  Non-­‐dimensional	  curvature	  radius	  at	  the	  top	  of	  the	  droplet	  (Q=0.005	  ml/min)	  
 
 
As shown in Figure 34, the curvature radius is usually lower than the theoretical one for a sessile 
droplet of the same volume. Moreover, spreading droplets are usually higher than sessile droplets 
with the same volume (see Figure 35). Both effects tend to make the pressure appearing in the term F! (Eq.38) to increase. However, the wet radius is smaller (see Figure 36) and this effect prevails, 
making the pressure force to decrease, as shown in Figure 37. In summa, with an imposed flow rate, 
we expect an enhancement of pressure inside the droplet, but a decrease of pressure force F!, 
because of the reduction of the wet area. The same reasoning applies to surface tension forces: the 
contact angle is closer to 90° than for the sessile droplet, and thus its sine is closer to 1, but the 
decrease of the wet diameter prevails, and the surface tension force decreases. 
 
 
	  
Figure	  35:	  Height	  of	  the	  droplet	  (Q=0.005	  ml/min) 
 
	  
Figure	  36:	  Wet	  diameter	  of	  the	  droplet	  (Q=0.005	  ml/min) 
 
 
	  
Figure	  37:	  Force	  balance	  for	  Q=0.005	  ml/min	  (static	  contact	  angle	  65°) 
 
 
This reasoning is also confirmed by the behaviour of curvature radius at the apex, height and 
diameter as a function of the flow rate. As expected, the curvature at the apex and the wet diameter 
decrease with increasing flow rates, whereas the droplet height increases (see Figure 38 through Figure	  42). For a given volume, although static momentum balances might be satisfied, the flow 
rate still influences the behaviour of triple line and the contact angle itself, since it determines the 
shape of the spreading droplet (see Figure 42).  
 	  
Figure	  38:	  Curvature	  at	  the	  droplet	  apex	  for	  different	  flow	  rates	  	  	  
 	  
Figure	  39:	  Droplet	  height	  for	  different	  flow	  rates 
Q 
Q 
 	  
Figure	  40:	  Droplet	  wet	  diameter	  for	  different	  flow	  rates	  	  	  
	   	  
Figure	  41:	  Droplet	  contact	  angle	  for	  different	  flow	  rates	  	  
Q 
Q 
	  
Figure	  42:	  Profiles	  of	  droplets	  with	  the	  same	  volume	  and	  different	  injection	  flow	  rates	  
(V=5	  mm3,	  volumes	  difference	  ΔV/V<1%)	  	  
  
Q 
Q 
6	  	   Non-­‐dimensional	  vertical	  momentum	  balance	  and	  contact	  angle	  verification	  
 
To obtain a non-dimensional form of the vertical momentum balance, we have to simplify Eq.35 
and integrate it in the vertical direction. 
 
 dV 𝑑𝑡 = 𝑄−𝑉𝑎 − 𝑄𝑣 + 𝜋𝐷!!4 2𝛾𝜌!𝑅! + Δ𝜌𝜌! 𝑔𝐻 + 𝑣!"! 𝜋𝐷!"!4 − 𝑉𝑔 Δ𝜌𝜌! − 𝐷!𝜋𝛾𝜌! sin𝜃 = 0 (41)  
 
 
We adimensionalised the set of Equations 41 and we get two dimensionless numbers: the Weber 
number 𝑊𝑒, the Eötvös number 𝐸𝑜 (also known as Bond number). The choice of parameters to 
obtain the non-dimensional form is essential. We choose the following measured quantities: the wet 
diameter, 𝐷!, as length scale, and the triple line velocity, 𝑉!", as velocity scale.  
It is worth mentioning that different scales have been used e.g. by Gerlach et al. [63] and by Padday 
[64]. The choice adopted in this paper is due to the fact that both 𝐷! and 𝑉!" varies with volume and 
we are not interested in testing different liquids. Furthermore, we used the velocity and acceleration 
of the centre of gravity in the first two terms. Making appropriate substitutions:  
 𝑡 = 𝐷!𝑣!" 𝑡∗𝑅! = 𝐷!𝑅!∗𝑑𝑑𝑡 ∘  =   𝑣!"𝐷! 𝑑𝑑𝑡∗ ∘𝑣 = 𝑣!"𝑣∗𝑄 = 𝑣!"𝐴!" = 𝑣!"𝑣!"∗ 𝐴!"∗ 𝐷!!𝑎 = 𝑣!"!𝐷! 𝑎∗
 (42)  
 
We get 
 
−𝑉!"! 𝐷!!  𝑉∗𝑎!"∗ − 𝑉!"! 𝐷!!  𝑣!"∗   𝑣!"∗ 𝐴!"∗ + 𝜋𝐷!!4 2𝛾𝜌!  𝐷!  𝑅!∗ + Δ𝜌𝜌! 𝑔𝐷!  𝐻∗+ 𝑉!"!   𝐷!!  𝑣!"∗,!  𝐴!"∗ − 𝑔 Δ𝜌𝜌! 𝐷!!𝑉∗ − 𝐷!𝜋𝛾𝜌! sin𝜃 = 0   (43)  
 
Following these rules we obtain a complete non-dimensional form of the vertical momentum 
balance, which can be used to verify the sine of the contact angle and the contact angle itself: 
 
sin𝜃 = −𝑊𝑒 𝑉∗𝑎!"∗𝜋!""#$#%!&'() −𝑊𝑒 𝑣!"
∗,!  𝑣!"∗ 𝐴!"∗𝜋!"##  !"#$%&'% + 12𝑅!∗ + 𝐸𝑜𝐻∗4!"#$%$#&&'$# +𝑊𝑒 𝑣!"
∗,!  𝐴!"∗𝜋!"#$%&!'" − 𝐸𝑜 𝑉∗𝜋!"#$%&' (44)  
 
 
Where: 
 
𝑊𝑒 = 𝜌𝑉!"𝐷!𝛾  (45)  
𝐸𝑜 = 𝑔Δ𝜌𝐷!!𝛾  (46)  
 
The first two terms in right hand side of Eq. 43 represent the variation of the droplet overall 
momentum, due to acceleration and mass increase. The third and fourth terms account for 
overpressure due to curvature and bubble height. The third term, in particular, evidences that 
overpressure is the driving term, mainly at first instants of droplet formation. The fifth term is 
associated with injection and the sixth with gravity forces. The weight of the different terms is 
shown in Figure 43, for the lowest mass flow rate (0.005 ml/min).   
It can be seen that the most relevant are: 
 𝑡𝑒𝑟𝑚  3 = 12𝑅!∗𝑡𝑒𝑟𝑚  4 = 𝐸𝑜𝐻∗4𝑡𝑒𝑟𝑚  6 = −𝐸𝑜 𝑉∗𝜋
 
 
Which are the only non-including dynamic variables (velocities and acceleration). 
 
In Figure 44, a comparison between measured and calculated contact angle sinus is reported for low 
mass flow rates. The different terms in Eq.43 are estimated by the post-processing of digital videos. 
Figure 45 shows the discrepancy between measured and calculated contact angles, always below 
1% for the selected boundary conditions. Similar results for higher mass flow rates (0.05 and 0.1 
ml/min) are shown in Figure 46 through Figure 49. 
 
 
	  
Figure	  43:	  Weight	  of	  different	  terms	  in	  Eq.	  43	  	  (Q	  =	  0.005	  ml/min)	  
 
 
	  
Figure	  44:	  Comparison	  between	  predicted	  (Eq.43)	  and	  theoretical	  contact	  angle	  sinus	  (Q	  =	  0.005	  ml/min) 
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Figure	  45:	  Discrepancy	  between	  calculated	  and	  theoretical	  contact	  angle	  sinus	  (Q	  =	  0.005	  ml/min) 
 
 
	  
Figure	  46:	  Comparison	  between	  predicted	  (Eq.43)	  and	  theoretical	  contact	  angle	  sinus	  (Q	  =	  0.05	  ml/min) 
	  	  
	  
Figure	  47:	  Discrepancy	  between	  calculated	  and	  theoretical	  contact	  angle	  sinus	  (Q	  =	  0.05	  ml/min)	  
 
 
	  
Figure	  48:	  Comparison	  between	  predicted	  (Eq.43)	  and	  theoretical	  contact	  angles	  sinus	  (Q	  =	  0.1	  ml/min) 
	  	  
	  	  
Figure	  49:	  Discrepancy	  between	  calculated	  and	  theoretical	  contact	  angle	  sinus	  (Q	  =	  0.1	  ml/min) 
 
 
Very large mass flow rates (Q = 1 ml/min) deserves a separate discussion since very high Bond 
number can be attained. As mentioned earlier, the Eötvös (or Bond, 𝐵𝑜) number is very influent in 
determining the drop shape: 
 
 
• For very low 𝐵𝑜 (typically < 0.1), the shape follows a very simple law: constant curvature 
(like spherical cap). Gravity effects are small compared to surface tension effects. 
 
• For intermediate 𝐵𝑜 ( 0.1 < 𝐵𝑜 < 3 ÷ 5 ) the shape is no more spherical, but can be still 
reconstructed by the Laplace-Young Equation (with the modified routine developed for 
bubbles by Di Marco et al. [61], see Figure 50). 
 
• For high 𝐵𝑜 (typically > 3 ), the Laplace-Young Equation fails close to the droplet tip, but 
can still give a reasonable estimation close to the triple line. Reconstructing the bubble 
shape basing on the Konduru’s method leads to a different droplet shape (see Figure 51). In 
particular, the wet radius is slightly higher (the difference is only 3%), the height of the 
drop is 7.4% lower, and the curvature radius is 28.7% lower. This disagreement is due to 
the relevance of gravity, which now seems to be dominating. 
 
 
	  
Figure	  50:	  Comparison	  between	  calculated	  (red)	  and	  detected	  (blue)	  droplet	  profile	  
(Bo	  =	  1.6,	  Q	  =	  1	  ml/min,	  V=11.2	  mm3) 
 
 
	  
Figure	  51:	  Comparison	  between	  calculated	  (red)	  and	  detected	  (blue)	  droplet	  profile	  
(Bo	  =	  12,	  Q	  =	  1	  ml/min,	  V=155.5	  mm3)	  	  	  
In Figure 52 and Figure 53, we can appreciate how the Bond number influences the prediction of 
the contact angle sinus. For 𝐵𝑜 < 3 ÷ 5, calculated and measured contact angles are in good 
agreement. However, for higher Bond numbers, they can be much different. 
 
 
	  
Figure	  52:	  Comparison	  between	  predicted	  (Eq.43)	  and	  theoretical	  contact	  angle	  sinus	  (Q	  =	  1	  	  	  ml/min)	  	  	  
	  
Figure	  53:	  Discrepancy	  between	  calculated	  and	  theoretical	  contact	  angle	  sinus	  (Q	  =	  1	  ml/min)	  
 
 
Eventually, in Figure 54 through Figure 57, the contact angle as a function of the volume is shown 
for the four mass flow rates. The results confirm that the agreement between theoretical and 
measured contact angles is very good for relatively small Bond numbers (<5). For higher Bond 
numbers, measured contact angles tend to be higher than those expected in absence of body forces. 
 
 
	  
Figure	  54:	  Comparison	  between	  predicted	  and	  theoretical	  contact	  angles	  (Q	  =	  0.005	  ml/min) 	  	  
	  
Figure	  55:	  Comparison	  between	  predicted	  and	  theoretical	  contact	  angles	  (Q	  =	  0.05	  ml/min)  
Q	  =	  0.05	  ml/min	  
 
 
	  
Figure	  56:	  Comparison	  between	  predicted	  and	  theoretical	  contact	  angles	  (Q	  =	  0.1	  ml/min)	  	  	  
	  
Figure	  57:	  Comparison	  between	  predicted	  and	  theoretical	  contact	  angles	  (Q	  =	  1.0	  ml/min) 
 
 
The importance of choosing appropriate scales is emphasized by the evaluation of the Weber and 
the Eötvös numbers. The result shown in Figure 58 for the Weber number suggests that, even if the 𝑊𝑒  is very small (around 10-6) for all the flow rates, it decreases with increasing volume. 
Therefore, the triple line velocity, 𝑉!", is the dominant quantity in the range of small volumes, and 
this is not straightforward since, as shown by Eq. 44, there is also the wet diameter, 𝐷! to multiply 
the triple line velocity. 
 
 
Q	  =	  0.1	  ml/min	  
	  
Figure	  58:	  Weber	  number	  vs.	  droplet	  volume	  (Q=	  1	  ml/min)	  
 
 
	  
Figure	  59:	  Eotvos	  number	  vs.	  droplet	  volume	  (Q=1	  ml/min)	  
  
7   Experimental	  technique	  to	  estimate	  surface	  tension 
 
Surface tension is one of the unknowns in the Konduru’s method to analyse droplet or bubble 
profiles. Therefore, the shape of a sessile droplet can be used to estimate the surface tension 
between the liquid and the surrounding atmosphere. In order to evaluate this physical property, we 
should satisfy two conditions, according to Hansen [65] Woodward [66]: 
 
• The drop has to be axisymmetric; 
 
• The drop is not in motion, to avoid viscous or inertia effect in determining the droplet shape. 
 
 
	  
Figure	  60:	  Comparison	  between	  the	  actual	  droplet	  profile	  and	  the	  one	  obtained	  by	  the	  Konduru’s	  method	  
 
 
In this study, we made different measurements: for drop at rest and for dynamic droplets, pushed by 
the inlet flow rate. For what concerns drop at rest, experimental data are largely available in 
literature and confirmation tests for our apparatus have also been performed (see Figure 62).  
 
Figure	  61:	  Surface	  tension	  for	  different	  drops	  at	  rest 
 
 
However, since we are dealing with dynamic droplets, we wanted to understand how dynamic 
conditions affect the surface tension prediction. Actually, the one we calculate from the shape of 
dynamic drop is not the actual surface tension, which is a physical property. What we are now 
finding is a sort of dynamic surface tension: it is the surface tension that our liquid should have to 
satisfy completely the Laplace-Young Equation. These results are shown in Figure 62. 
 
 
	  
Figure	  62:	  Surface	  tension	  vs.	  volume	  for	  different	  mass	  flow	  rates	  
 
 
As expected, the higher is the volume, the less important is the inlet flow rate contribution to the 
shape; thus, for higher volumes, dynamic surface tensions match better with the physical value. 
However, for too large volumes, the Bond number will be too high and the shape won’t follow 
Laplace-Young Equation, leading to an error in the evaluation of Surface Tension. After Figure 62, 
a general trend can be therefore inferred: the smaller is the volume, the higher is the dynamic 
surface tension calculated from the profile. Obviously, for smaller volume we have fewer pixels for 
Laplace-Young curve fitting, so the error itself is higher. However, for smaller volumes we also 
have a higher triple line velocity, so a stronger dynamic regime. This is valid for all the flow rates 
analysed.	  
  
8   Contact	  angle 
 
The dynamic contact angle is a key parameter for this work. In the past, it has been correlated only 
with the triple line velocity ([18], [19], [20], [21], [22], [23] & [24]]. Actually, it seems to depend 
from several additional parameters: volume of the drop, thermodynamic surface tension and, most 
of all, from the conditions of the flow inside the drop in the proximity of the triple line [39], [29], 
[28]. 
 
 
“This result means that ϑD is not just speed-dependent, but dependent on the details of the flow. 
This result also implies that all theories and empirical correlations that lead to a single 
relationship between ϑD and U for a given system must, at best, be incomplete”. 
Blake [29]. 
 
 
Even if the value of the contact angle might differ for the different flow rates, a general tendency 
during the spreading process, from the first time where the droplet is emerging from the orifice to 
the late stage of spreading, can be seen in Figure	  65, and can be summarized as follows: 
 
• A first “strongly disequilibrium phase” characterises the first instants: typical value of the 
contact angle is between 120° and 100°. During this phase, we observe the highest velocity 
of the triple line. 
 
• A second “transition phase” where the contact angle changes quickly from the values of the 
first phase (over 100°) to values closer to the static contact angle, but still a little larger. 
During this period, also the velocity changes sharply from the initial phase and start to 
decrease 
 
• The third and last phase is a “quasi-static phase”, where the contact angle is slightly over the 
static contact angle and the velocity of the droplet is very low. 
 
The change from one phase to another and the duration of each phase depends only on the flow rate.  
As obviously expected, the smaller is the droplet and higher is the velocity of the triple line. See Figure	  64. 
 
 
	  
Figure	  63:	  Contact	  angle	  vs.	  volume	  of	  the	  droplet	  for	  different	  flow	  rates 
 
 
	  
Figure	  64:	  Triple	  line	  velocity	  vs.	  volume	  for	  different	  flow	  rates	  
 
Q 
	  
Figure	  65:	  Contact	  angle	  vs.	  triple	  line	  velocity 
 
 
Plots shown in this paragraph are the results of the Aluminium series data processing. 
It is important to point out that the static contact angle measured for the couple water-aluminium is 
between 65° to 75°, approaching the region of “quasi-static phase”. 
 
A note on reproducibility has to be said to underline the fact that most of the results of tests taken in 
the same conditions are comprised in a small gap. The worst reproducibility condition concerns the 
contact angle, that’s the reason why it is important to show its behaviour with respect to volume. 
There seems to be difference in contact angle behaviour with respect to the history of the droplet: if 
it comes out from the orifice (𝑉𝑜𝑙𝑢𝑚𝑒 = 0) and if it comes from a relaxing condition, usually 
hysteresis driven. 
 
For tests carried on with the same history, the reproducibility is well established, as can be assessed 
from Figure	  66.  
But, if the history differs, it can happen that the initial behaviours are a little bit different. In any 
case, equilibrium is then established and the same contact angle history is finally found. Depending 
just on the flow rate. See Figure	  67. 
 
 
Strongly	  disequilibrium	  phase	  
Transition	  phase	  
Quasi-­‐static	  phase	  
• 1ml/min	  
• 0.5	  ml/min	  
• 0.1	  ml/min	  
• 0.05	  ml/min	  
• 0.005	  ml/min	  
	  
Figure	  66:	  Reproducibility	  behaviour	  of	  droplets	  with	  the	  same	  flow	  rate	  (0.585	  ml/min)	  coming	  out	  from	  the	  orifice 
 
 
	  
Figure	  67:	  Reproducibility	  behaviour	  of	  droplets	  with	  the	  same	  flow	  rate	  (0.422	  ml/min)	  with	  different	  histories 
 
 
 
 
 
 
 
 
 
 
 
 
9	  	   Momentum	  balance	  within	  radial	  approach	  	  
Since in the present study we are interested in droplet spreading, the radial dynamics has to be 
investigated. In this aim, we addressed the problem in two different ways. 
 
This deepening arises from considerations carried out in Section 7   on surface tension.  
As we saw, the calculated surface tension (that we called dynamic surface tension) is higher than 
the actual surface tension, for droplets spreading with large triple line velocities. 
It can be explained according to Panton [67]: 
 
 n ∙ p! − p! = m!! v! − v! − n ∙ T!,! − T!,! + 2γnK 
 
 
Clearly, when the viscous stresses (T!,!;T!,!) are negligible and liquid phase and gas phase moves 
with the same velocities (v! = v!) , the equation reduces to the Laplace-Young.  
But if we use the Laplace-Young equation “as is” to fit and analyse spreading droplets, we will 
obtain a value of surface tension, different from the actual one, which, to some extent, embeds 
viscous effects. 
 
 
	  
Figure	  68:	  Calculated	  surface	  tension	  vs.	  volume.	  	  
Note	  that	  smaller	  drops	  are	  also	  characterized	  by	  highest	  velocities. 
 
 
Percentage difference between the thermodynamic and the artificial dynamic surface tension is at 
most of the order of 25%. It means that there is a difference between the actual curvature and the 
curvature imposed by static-equilibrium: 
 
 1R! + 1R! = 2R! + ρ! − ρ! gyγ  
 
(47)  
(48)  
Difference in curvature means difference in stresses across the surface of the droplet, as shown by 
Eq. 27 and 28. 
 
 
	  
Figure	  69:	  Curvature	  vs.	  height;	  red	  line	  represents	  the	  static	  curvature	  of	  a	  droplet	  with	  the	  same	  curvature	  radius	  
at	  drop	  top,	  green	  line	  represents	  the	  average	  curvature	  evaluated	  during	  spreading	  (blue	  points).	  
 
 
The first method to calculate a radial force balance is to integrate this pressure difference all over 
the droplet interface and projecting it in the radial direction in a cylindrical coordinate system (r,z). 
Unlikely, this curvature difference is usually of the order of some %, with a maximum of 10% for 
smaller droplets. 
 
At drop top, using Eq. 47: 
 
 𝑝!,!"# − 𝑝!,!"# = 2𝛾!"#$%&'𝑅!"#  
 
 
 
Mathematically speaking, we are just integrating Laplace-Young equation, to catch the difference 
due to spreading/motion: 
 
 𝑝! − 𝑝!     (𝑛! ∙ 𝑟)𝑑𝑆 = 𝛾!"    𝜅    (𝑛! ∙ 𝑟)   𝑑𝑆 
 
 
Numerically speaking, we have just to project all surface elements dS in the radial direction and 
integrate them, after having multiplied them for the local value of pressure in the first integral, for 
the value of thermodynamic surface tension and local curvature in the second integral. 
 
(49)  
(50)  
! 1R! + 1R!! = 2R! + !ρ! − ρ!!gyγ!"  	  
! 1R! + 1R!! = 2R! + !ρ! − ρ!!gyγ!"#$%&'  	  
	  	  
Figure	  70:	  explanation	  of	  the	  numerical	   
 
 
• The value of local pressure is (assuming y=0 at drop top, positive direction downward): 
 
 p! − p! = 2γ!"#$%&'R! + ρ! − ρ! gy 
 
 
• The value of local “curvature response” has been found point by point using a second order 
polynomial regression, as pointed out in Paragraph 4  (Post processing techniques).  
The value of local curvature is then multiplied for the thermodynamic surface tension. 
 
 
In subsequent figures, this methodology to calculate the radial surface tension force will be called 
“mode-1”. 
 
The reason of this different use of surface tension (dynamic one in calculating the pressure term 
(51), thermodynamic one in calculating the curvature response) is due to the fact that the dynamic 
surface tension is the tension needed by the droplet to achieve a complete fulfilment of Laplace-
Young Equation, whereas the thermodynamic surface tension is a property of the liquid and varies 
only with temperature. Since we get the actual value of pressure at each point of the interface with 
the Laplace-Young relation, we have to consider the dynamic value of surface tension. 
Since the restraint force is the force containing the fluid in its shape, and is thermodynamic in 
nature, we have to use the thermodynamic value of surface tension. 
 
 
 
 
 
 
 
 
 
(51)  
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A second way to approach the radial force balance is to take a control volume and study the 
equilibrium. Our control volume is a slice of the drop and we have to make balance considerations 
over its boundaries, as follows: 
 
 
	  
Figure	  71:	  Force	  acting	  over	  the	  control	  volume.	  Pressure	  of	  the	  liquid	  in	  orange,	  pressure	  of	  air	  in	  green	  
 
 
	  
Figure	  72:	  Resultant	  of	  pressure	  forces	  acting	  over	  the	  control	  volume	  
 
	  
Figure	  73:	  Decomposition	  of	  the	  resultant	  pressure	  force	  along	  the	  radial	  direction 
 
 
In formulae, pressure force over the boundary shown in Figure	  71, Figure	  72 and Figure	  73 comes 
as: 
 
   2 𝑝!(𝑧) − 𝑝!(𝑧)   (𝑛 ∙ 𝑟)  𝑑𝑟  𝑑𝑧 = 𝑝!(𝑧) − 𝑝!(𝑧)   𝑑𝜙  𝑑𝑟  𝑑𝑧!(!)!
!
!  𝑛 ∙ 𝑟 = sin 𝑑𝜙 2 ≅𝑑𝜙 2 
 
With 𝑑𝜙 ranging from 0 to 2𝜋. 
The expression is calculated with the aid of a MATLAB routine considering every point of the 
interface and came out to be just the same as before (Figure	  70 and first integral of Eq. 49).  
 
What now is different is the way we are taking into account restraining forces. As depicted in Figure	  74, Figure	  75. 
 
Note that pressure force is multiplied for the patterned area (Figure	  72), while surface tension is 
multiplied for the blue line (Figure	  74), thus leading to a term dependent from the contact angle, 
which can contribute to spreading (positive contribution along radial direction) or can resists to it 
(negative contribution along radial direction).  
The behaviour of this contribution will be underlined later on. 
 
Note that force arrows are plotted just on half the control volume: the value of integral (52) and of 
first term in integral (53) are multiplied by 2 for this reason. 
(52)  
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Figure	  74:	  Surface	  tension	  force	  acting	  over	  the	  control	  volume 
 
 
	  
Figure	  75:	  Decomposition	  of	  surface	  tension	  force	  along	  the	  radial	  direction 
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So, following Figure	  74 and Figure	  75, we get to the expression of surface tension force in radial 
direction: 
 
    2  𝛾  𝐿   sin 𝑑𝜙 2 + 𝛾   cos𝜗   𝑟  𝑑𝜙 =!!! 𝛾  𝐿  𝑑𝜙 + 𝛾   cos𝜗   𝑟  𝑑𝜙
!!
!  
 𝐹!,! = 2𝜋𝛾𝐿 + 2𝜋𝑟𝛾 cos𝜗 
 
 
Projecting the contribution of surface tension along radial direction, we get a negative contribution 
(restraining the shape) for what concerns the internal profile of the droplet; and a variable 
contribution for the contact line. The variability of this contribution depends on the contact angle: 
 
 
• For ϑ < 90°, the contribution is positive (this is the case of the Figure	  74). 
• For ϑ = 90°, the contribution is zero. 
• For ϑ > 90°, the contribution is negative. 
 
 
Using the MATLAB routine [61] already introduced, we tested those radial balances using the 
theoretical values obtained from Laplace-Young equation (27). 
See Figure	  76. 
 
 
	  
Figure	  76:	  1st	  and	  2nd	  way	  radial	  balance	  verification	  using	  the	  profile	  derived	  by	  Laplace	  Young	  numerical	  
integration	  [61]	  
 
 
 
 
 
 
(53)  
(54)  
For what concerns the balance during spreading, the case of 0.5 ml/min on Aluminium surface is 
shown in Figure	  77. 
 
 
	  
Figure	  77:	  radial	  force	  balance	  application	  for	  the	  case	  of	  spreading	  droplet	  with	  calculated	  imposed	  flow	  rate	  of	  
0.585	  ml/min.	  Aluminium	  data	  series. 
 
 
Analysing this result, it looks as though the resultant force is balanced. This result is confirmed at 
the higher flow rate investigated for aluminium, see Figure	  78. 
 
 
	  
Figure	  78:	  radial	  force	  balance	  application	  for	  the	  case	  of	  spreading	  droplet	  with	  calculated	  imposed	  flow	  rate	  of	  	  
1.3	  ml/min.	  Aluminium	  data	  series. 
 
 
Also in this case, the resultant radial force appears to be negligible.  
However, if we further increase the volume, the resultant force appears to be no longer negligible, 
as shown in Figure	  79. 
 
 
	  
Figure	  79:	  radial	  force	  balance	  application	  for	  the	  case	  of	  spreading	  droplet	  with	  imposed	  flow	  rate	  of	  	  
1	  ml/min.	  Brass	  data	  series. 
 
 
	  
Figure	  80:	  Radial	  resultant	  force	  for	  the	  case	  of	  spreading	  droplet.	  Q	  =	  1ml/min.	  Brass	  data	  series. 
 
 
 
 
 
 
 
 
Concluding this paragraph on the radial momentum balance, it seems that the spreading process can 
be divided in three phases: 
 
• A first instant, very short in terms of time and difficult to investigate with the frame used 
herein (15.6 fps), where the dynamic evolution of the drop is completely driven by the force 
due to liquid injection. 
 
• A second stage, much longer than the first part, which is the focus of our analysis, during 
which the droplet seems to be in static equilibrium, with just a change in its boundary 
conditions. Equilibrium is achieved in the sense that forces (both radial and vertical) are 
balanced. 
 
• A third stage, where the equilibrium is altered and the resultant spreading velocity, 
continuously becomes smaller due to the fact that the volume has increased. See the 
resultant radial force resulting in Figure	  79 and in Figure	  80. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
10	  	   Energy	  balance	  	  
Moving forward in the understanding of the phenomena involved in the general process of 
spreading and with the aim to understand the relative relevance of these phenomena, an overall 
energy balance is considered. 
 
Erickson et al. [68] found the expressions of the contribution of every phenomenon to the energy 
balance for the spreading case where the primary motive force is hydrodynamic. From this 
assumption, they derived a non-linear first order ordinary differential equation, which they solved 
with a fourth order Runge-Kutta technique.  
To obtain this differential equation they need to make the approximation of spherical cap and to 
consider the dynamic contact angle as constant. 
In the work here proposed, we avoided this approximation and we replaced the terms obtained with 
the spherical cap approximation with experimental values obtained by image processing of our 
tests.  	  	  
	  
Figure	  81:	  experiments	  schematics,	  figure	  from	  [68]	  	  	  
The phenomena and their contribution to the change in the energy of the drop are listed below: 	  
• Inlet contribution; this term is mainly due to the pressure developed by the injection system, 
the inlet velocity and by the pressure inside the drop. It will be labelled as P!"#$%. 	   	   	   	   	   𝑃!"#$% = 𝑑𝑚𝑑𝑡 𝑢 𝑇! + 𝑝!"#$𝜌 + 𝑣!2 	  	  	  
• Internal energy of the system; this term is referred as the internal energy statically 
determined as a function of the temperature only.  It will be labelled as P!"!.  	   𝑃!"! = 𝑑𝑚𝑑𝑡 𝑢 𝑇! 	  	  This	   term	   should	   account	   also	   for	  𝑚 !"!" ,	  which	   is	   negligible	   since	   the	   internal	   energy	  depends	  only	  on	  pressure	  and	  temperature,	  who	  are	  not	  expected	  to	  vary.	  
(55)  
(56)  
• Surface potential energy; this term is very effective, it is due to the surface tension energy of 
the shape and depends on the interface area and the contact area. It will be labelled as P!"#$. 
  	  	   𝑃!"#$ = 𝛾!" − 𝛾!" 𝑑𝐴!"𝑑𝑡 + 𝛾!" 𝑑𝐴!"𝑑𝑡𝛾!"𝑐𝑜𝑠 𝜗!" = 𝛾!" − 𝛾!" 	  	  	  
• Gravitational potential energy; this term is due to the height of the barycentre, and its 
growth. It will be labelled as P!. 	  	   𝑃! = 𝑔 𝑚 𝑑𝑧𝑑𝑡 + 𝑧 𝑑𝑚𝑑𝑡 	  	  	  
• Work at boundaries; this term is due to the work done by pressure in displacing the 
interface. It will be addressed as P!"#$%.  	  	   𝑃!"#$% = 𝑑𝑚𝑑𝑡 𝑝!"#𝜌 	  	  	  
• Viscous dissipation work; this term is due to the dissipative losses due to the velocity of the 
fluid and viscous forces. It will be addressed as 𝑃!"#$. 	  	   𝑃!"#$ = 6𝜋𝑙𝑛 𝜀!! 𝑅𝜃! 𝑑𝑅𝑑𝑡 !𝜀 = 𝐿! 𝐿 = 𝑚𝑖𝑐𝑟𝑜𝑠𝑐𝑜𝑝𝑖𝑐  𝑙𝑒𝑛𝑔𝑡ℎ  /  𝑚𝑎𝑐𝑟𝑜𝑠𝑐𝑜𝑝𝑖𝑐  𝑙𝑒𝑛𝑔𝑡ℎ	  	  	  	  
Finally, the overall energy balance reads as follows: 	  	   𝑃!"#$% = 𝑃!"! + 𝑃!"#$ + 𝑃! + 𝑃!"#$% + 𝑃!"#$ 	  	  	  
A comparison of the order of magnitude of the different terms revealed that the most influent 
phenomenon in drop spreading is the work required to increase the surface area. 
For high velocity rates this model is not self-determined, but needs experimental curve fitting 
factors to evaluate the term P!"#$. Fortunately, since this term is always very low, in most cases it 
can be neglected.	  
Furthermore, since Lδ is usually between 1µm and 5µm and L is of the order of magnitude of the 
contact radius (1mm - 3mm), ε is between 0.3·10-3 and 5·10-3. So, the range of variation of ln ε!!  
(57)  
(58)  
(59)  
(60)  
(61)  
is not so large: typically between 5.7 and 8.5. In the subsequent graphs, an average value will be 
taken. 	  	  
	  
Figure	  82:	  Overall	  energy	  balance	  vs.	  volume.	  Q	  =	  1.3	  ml/min.	  Aluminium	  data	  series.	  	  	  
	  
Figure	  83:	  Overall	  energy	  balance	  vs.	  volume.	  Q	  =	  0.585	  ml/min.	  Aluminium	  data	  series.	  	  	  
In general, the balance proposed by Erickson [68] is satisfied.	  	  
This means that most of the inlet power isn’t consumed by viscous, but is spent in the creation, 
during the first instants, and the growing of the both interfaces: solid-liquid and liquid-air, with their 
respective surface tensions. 
This result, found numerically by Erickson on spherical cap droplets, has been verified 
experimentally on the same geometry, for droplets far from the spherical cap approximation. 
11	  	   Comparison	  of	  different	  material	  behaviours	  
 
Many studies have been found in order to understand the conditions for the spreading and the 
behaviour of the viscous dissipation close to the contact line. Many authors tried to couple the triple 
line velocity just with the contact angle. They mainly studied various fluids in capillary tubes ([17], 
[18], [19], [20], [22], [23]) 
The application of these results on droplets is still in discussion, while many researchers are 
applying these correlations to the study of droplet impingement and the development of their 
numerical models ([46], [47], [48], [49], [50]). 
This simple physics experiment is usually combined with thermal exchange ([21], [23]). 
So, according to Blake [29] and Shikhmurzaev [39], the next comparison reveals that the 
complexity of the triple line movement has not to be attributed to the kind of the material the 
surface is made of, but on the details of the flow inside the droplet. 
 
To compare the behaviour of the different surfaces with respect to contact angle and triple line 
velocity, we will move in two ways: 
 
• A qualitative approach to determine with graphs and plots if surfaces behave in the same 
way or not. 
 
• A quantitative approach to evaluate which are the quantities characterizing the two most 
important fittings discussed in Chapter 2. 
 
 
	  
Insight	  in	  the	  least	  squares	  curve	  fitting	  theories	  
 
Fitting most of the data to find the parameters necessary in the Hydrodynamic Theory (Eq. 16) and 
in the Molecular Kinetic Theory (Eq. 18), we found, for advancing data, curves like the one shown 
in Figure	  84.  
Results of the relevant parameters for fitting data in Figure	  84 are reported in Table	  8. 
 
As can be noted, the value of ln(L/Lm) has no physical meaning: L is usually associated in literature 
to the capillary length c of Eq. 34, which for water is 2.7mm [30], and Lm seems to be too low, 
much smaller than the order of the sub-molecular level. 
 
As Ranabothu [30] found in his study, hydrodynamic model doesn’t fit well the dynamic contact 
angles of water and other simple fluids. Even if the equilibrium contact angle from the fitting is 
reasonably close to the value he measured (which is also the case of the present study), the slip 
length (Lm) value, in the order of sub-atomic dimensions, is not comparable to the molecular 
dimensions and not physically meaningful. 
 
Also Hayes & Ralston [33] found slip length (Lm) values "significantly smaller than the molecular 
dimensions" for both the advancing and receding cases. The highest value found in this work is 
reported in Table	  12. 
 
Bayer & Megaridis [28] subdivided their analysis on impinging droplets in a “kinematic stage” and 
a “final stage” with respect to the importance of the kinetic energy of the droplet. 
What is important to say is that they applied the Hydrodynamic Theory to both stages mentioned 
above separately, finding a variation of Lm, which in the first stage was around 10-11 m. They found 
value of the slip length of the order of 10-15 m in the final stage of their analysis, where the capillary 
number (Ca ≈ 10-2) is closer to the one investigated in this work (Ca ≈ 10-5). Demonstrating that as 
the Capillary number decreases, also the slip length does. 
According to [28], the hydrodynamic theory performed well during (kinematic) fast spreading, in 
which solid/liquid interactions are weak; while application of the molecular kinetic theory yields 
physically reasonable parameters, which, however, vary with impact conditions. 
 
The same considerations are applicable for the case of receding droplets. 
 Figure	   85 shows the experimental results for both molecular kinetic and hydrodynamic fitting, 
while Table	  9 shows the parameters found in the fitting of its data. As already said, hydrodynamic 
theory is completely far from predicting the behaviour of such slow velocity fields, and is plotted 
just for completeness. However, there are cases where hydrodynamic seems to act as well as 
molecular kinetic, as reported in Figure	  86.  
Results in terms of slip length are always not physically meaningful.  
In any case, the adherence of the microscopic contact angle resulting from hydrodynamic fitting 
with the static contact angle used in molecular kinetic fitting is always quite good. 
 
 
	  
Figure	  84:	  Comparison	  of	  the	  two	  most	  common	  fitting	  found	  in	  literature	  with	  the	  experimental	  data.	  
Q	  =	  1.05	  ml/min.	  Brass	  data	  series.	  
 
 
Parameters θs (°) θm (°) ln(L/Lm) λ (nm) kw (s-1) 
Brass -1ml/min 65 70.4 1.3 × 104 0.68 2.14 × 105 
Table	  8:	  Parameters	  found	  suitable	  for	  fitting	  experimental	  data	  in	  Figure	  84 
	  
Figure	  85:	  Comparison	  of	  the	  two	  most	  common	  fitting	  found	  in	  literature	  with	  the	  experimental	  data.	  
Q	  =	  -­‐0.005	  ml/min.	  Aluminium	  data	  series.	  
 
 
Parameters θs (°) θm (°) ln(L/Lm) λ (nm) kw (s-1) 
Aluminium – 
- 0.01 ml/min 40 41.27 6.79 × 10
4 1.88 110.28 
Table	  9:	  Parameters	  found	  suitable	  for	  fitting	  experimental	  data	  in	  Figure	  85 
 
 
	  
Figure	  86:	  Adequacy	  of	  Hydrodynamic	  theory	  in	  fitting	  fast	  spreading	  droplets	  (Brass,	  1.3	  ml/min) 
 
 
 
 
Insight	  in	  the	  wetting	  properties	  of	  the	  materials	  tested	  
 
Wetting properties of the material can be expressed in function of the static contact angle. As 
already said in Chapter 2   large contact angles express weak interaction between fluid and solid 
phases, while small contact angles express strong interactions.  
Moving from Eq. 3: 
 𝛾!" − 𝛾!"𝛾!" =    cos𝜃 
 
So, the static contact angle is a measure of the relative importance of surface tensions.  
If it is small, this is the case of ethyl alchool on stainless steel (𝛾!" = 0.022  𝑁/𝑚), a droplet is 
reported in Figure	   87. In this case, the relative importance of the numerator compared to the 
denominator is high. In the case just reported, the contact angle is around 25°, and the ratio between 
surface tensions is 90%. This is typical for low surface tension fluids, like ethyl alchool, HFE7100 
and FC-72. Of course, surface tension is not the only responsible for the contact angle behavior, but 
has its role. 
 
The couples used in this work are all partially wetting, as can be deduced from the static contact 
angles measured for all the tested surfaces in Figure	  88. 
	  
Figure	  87:	  ethyl	  alcohol	  droplet	  at	  rest	  on	  stainless	  steel 
 
 
	  
Figure	  88:	  Static	  contact	  angles	  calculated	  from	  10	  different	  images	  of	  static	  drops. 
 
Comparison	  of	  surfaces	  (qualitative	  –	  1st	  way	  
 
Analysing all the surfaces, the results reported in Figures 91-95 were obtained. 
It has to be said that results are plotted as they came out from post processing, without any 
intervention of filtering. 
All plots report the measured contact angle vs. triple line velocity. All of them follow the same 
legend, reported here: 
 
 
Advancing cases: Receding cases: 
• 0.005 ml/min • - 0.005 ml/min 
• 0.05 ml/min • - 0.05 ml/min 
• 0.1 ml/min • - 0.01 ml/min 
• 0.5 ml/min 
• 1 ml/min 
 
 
	  
Figure	  89:	  Aluminium,	  advancing	  and	  receding 
 
 
	  
Figure	  90:	  Brass	  and	  Brass-­‐2nd,	  advancing	  and	  receding 
 
 
	  
Figure	  91:	  Copper,	  advancing	  and	  receding 
 
 
	  
Figure	  92:	  Stainless	  steel,	  advancing	  and	  receding 
 
 
	  
Figure	  93:	  Plexiglas,	  advancing	  and	  receding 
 
 
To compare different surfaces, in order to have a clearer vision of similitudes between behaviours, 
we will compare the data for the same nominal flow rate. 
  
 
	  
Figure	  94:	  Qualitative	  comparison	  of	  different	  materials,	  with	  the	  same	  flow	  rate	  in	  advancing	  and	  receding.	  
Lines	  are	  the	  correlations	  reported	  in	  Section	  2:	  State	  of	  the	  art2	  	  ,	  Table	  1 
 
 Figure	  94 allows us to say that what may act as difference in spreading behaviour, better than the 
kind of surface, is the nature of the surface: we should distinguish between metallic surfaces and 
non-metallic surfaces. 
 
Metallic surfaces seem to behave in the same way, while non-metallic surfaces seems to have a 
different behaviour from the others. In particular, Plexiglas surface reveals to be suitable for the 
approximation of constant advancing angles for flow rates over 0.05 ml/min (see blue and red spots 
in Figure	  93). The value of this constant advancing contact angle in our analysis seems to depend 
on the magnitude of the flow rate, but we expect that it is constant over a certain value. 
 
Of course, there is a slightly difference between metallic surfaces which cannot be caught from plot 
in Figure	   94, but will be better analysed in the quantitative way of comparing surfaces. 
Furthermore, the uncertainty can be due also to the different values of the real flow rate, which can 
vary with an error band of around 25% from surface to surface and from the nominal value. 
 
As shown in the previous figures, most of the correlations are not applicable to the cases here 
reported, with the exception of the highest flow rates of the Plexiglas’s case. Those correlations 
were derived from experiments taken at higher velocities, here they were extrapolated. The only 
correlation which seems to catch data of the lowest flow rate (0.005 ml/min) is the one derived by 
Gokhale et al. [21] which was built with a polynomial regression of small droplets advancing and 
receding for condensation and evaporation phenomena, thus the velocity was very small and even 
smaller of the one analysed in the present work. 
In any case, as already mentioned, the value of the initial advancing contact angle, the angle at 
which spreading starts decreasing with increasing the flow rate, thus leading to different starting 
point for correlations in Table	  1.  
 
The smaller flow rate reveals graphs like the one shown in Figure	   94, while higher flow rates 
reduce the gap between metallic surfaces and the Plexiglas one. 
From this point, rather than showing plots in order to compare experimental data, we will compare 
directly the two fitting theories introduced. 
 
Q	  =	  0.05	  ml/min:	  
	  
• Aluminium	  
• Brass	  
• Copper	  
• Stainless	  Steel	  
• Plexiglass	  
	  From	  Table	  1:	  
−	  Gokhale	  [21]	  
−	  Jiang	  et	  al.	  [18]	  	  
−	  Hocking	  [23]	  
−	  Bracke	  [20]	  
−	  Seeberg	  [19]	  
	  
Some considerations can be done also for the receding case, even if the dispersion is very high for 
some tests, not in terms of velocity, for which the calculation is quite accurate thanks to high scale 
factor, but in terms of contact angle, which becomes very small: order of some degrees (from 2° to 
less than 10°); accuracy is quite low for those contact angles. 
Many tests have been carried on for the receding case with every surface. The number of tests is 
higher in this condition since sometimes, and in random situations, pinning occurred.  
It seemed it could be avoided using very low flow rates (-0.01 ml/min maximum).  
The problem was common for metallic surfaces without any assessed reproducibility between 
surfaces, while for Plexiglas it is much more unlikely to happen. 
 
For receding, we can say that it seems that there was no sensible difference between surfaces and 
flow rates, as can be inferred from the fitting values shown in the next section. 
 
 
 
 
 
 
 
 
 
 
Comparison	  of	  surfaces	  (quantitative	  –	  2nd	  way)	  
 
The qualitative comparison of surfaces passes through a wide application of molecular kinetic and 
hydrodynamic fittings. The parameters to compare will be the fitting parameters which have to be 
compared also with values from literature resumed in Table 2, Table 3, Table 4 and Table 5 of 
section 2  . 
 
 
Qnominal [ml/min] Qcalculated [ml/min] θs (°) λ (nm) kw (s-1) θm (°) ln(L/Lm) 
0.005 0.007 68 0.975 6.618 × 103 81.7 0 
0.05 0.069 68 0.835 4.297 × 104 74.9 0 
0.1 0.099 68 0.683 2.384 × 105 71.2 0 
0.5 0.568 68 0.591 8.264 × 105 70.46 0 
1 1.107 68 0.805 1.800 × 105 86 0 
- 0.01 - 0.007 40 1.888 110.28 41.27 0 
-0.005 -0.004 25 2.96 48.49 26.95 0 
Table	  10:	  Aluminium	  fitting	  parameters	  for	  every	  flow	  rate	  investigated.	  Non-­‐physical	  values	  for	  the	  last	  column. 
 
 
Qnominal [ml/min] Qcalculated [ml/min] θs (°) λ (nm) kw (s-1) θm (°) ln(L/Lm) 
0.005 0.007 75 0.947 6.4146 × 104 75.3 0 
0.05 0.059 75 1.246 4.8172 × 104 78.33 0 
0.1 0.121 75 0.53 2.984 × 106 75.83 0 
0.5 0.5225 75 0.613 2.4472 × 106 74.19 0 
-0.05 -0.0461 40 1.59 2.6766 × 104 40 0 
-0.01 -0.007 45 1.7 163.64 45.14 0 
-0.005 -0.004 25 2.97 78.42 27.52 0 
Table	  11:	  Stainless	  steel	  fitting	  parameters	  for	  every	  flow	  rate	  investigated.	  Non-­‐physical	  values	  for	  the	  last	  column. 
 
 
Qnominal [ml/min] Qcalculated [ml/min] θs (°) λ (nm) kw (s-1) θm (°) ln(L/Lm) 
0.005 0.0049 70 0.687 5.365 × 104 70.32 0 
0.05 0.058 70 0.9235 1.097 × 104 74.32 0 
0.1 0.11 70 0.535 2.232 × 105 66.37 0 
1 0.88 70 0.465 2.2475 × 106 60.2 0 
-0.01 0.0065 40 1.933 147.86 39.34 0 
-0.05 -0.0614 40 2.38 108.1 37.91 8.5 × 10-138 
-0.005 -0.0057 40 1.436 2.07 × 103 42.15 0 
Table	  12:	  Copper	  fitting	  parameters	  for	  every	  flow	  rate	  investigated. 
 
 
Qnominal [ml/min] Qcalculated [ml/min] θs (°) λ (nm) kw (s-1) θm (°) ln(L/Lm) 
0.05 0.024 70 0.785 1.59 × 104 85 0 
0.1 0.05 70 0.803 3.25 × 104 79.48 0 
0.5 0.443 70 0.663 2.368 × 105 72.2 0 
1 1.159 70 0.6198 4.9637 × 105 69.9 0 
- 0.01 - 0.008 40 1.576 100.5 42.75 0 
-0.005 -0.0044 25 2.481 67.3 27.26 0 
Table	  13:	  Brass	  fitting	  parameters	  for	  every	  flow	  rate	  investigated.	  Non-­‐physical	  values	  for	  the	  last	  column. 
 
 
Qnominal [ml/min] Qcalculated [ml/min] θs (°) λ (nm) kw (s-1) θm (°) ln(L/Lm) 
0.005 0.005 75 1.25 1.289 × 104 75.7 0 
0.05 0.0544 75 1.2 1.487 × 105 76.59 0 
0.1 0.11 75 0.18 1.985 × 108 74.09 0 
-0.01 -0.0114 30 1.66 7.09 × 103 27.76 0 
-0.005 -0.0055 30 1.837 2.58 × 103 28.79 0 
Table	  14:	  Plexiglas	  fitting	  parameters	  for	  every	  flow	  rate	  investigated.	  Non-­‐physical	  values	  for	  the	  last	  column.	  
 
 
There is a difficulty in comparing tables with those present in section 2, since for the latter no 
information are provided about the flow inside the droplet. Characteristics of the flow inside the 
drop should allow us to compare different experiments of moving interface. 
 
Anyway, we can compare again data present in table. Many authors [30] suggested a variation of 
the term kw with respect to surface tension, but since we focused our attention always on the same 
fluid, we noted that the variability of this term seems to be due also to characteristics of the flow 
field, as can be assessed in Figure 95. 
 
Same consideration can be done for the term λ, which seems to vary in function of the flow rate. 
See Figure 96. 
 
Just as a remind: kw is the equilibrium frequency of molecular displacement and λ is the length of 
each molecular displacement. 
High or low values of kw imply, respectively, weak or strong dependence of the contact angle on 
velocity of the triple line [28].  
 
 
	  
Figure	  95:	  behaviour	  of	  kw	  as	  function	  of	  the	  flow	  rate	  and	  tendency	  line 
 
 
	  
Figure	  96:	  behaviour	  of	  λ	  as	  function	  of	  the	  flow	  rate 
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12	  	   Effects	  of	  roughness	  	  To	  understand	  the	  effects	  of	  surface	  roughness	  on	  the	  dynamic	  behaviour	  of	  contact	  angle,	  first	  of	  all	  we	  have	  to	  understand	  how	  it	  affects	  wettability.	  According	  to	  Kubiak	  et	  al.	  [70]	  and	  to	  Wenzel	  [69]:	  	  	   cos 𝜃! = 𝑟 ∙ cos 𝜃 	  	  	  Where	   θA is an apparent contact angle and r is the ratio of the real rough surface area to the 
projected perfectly smooth surface and θ is the contact angle corresponding to the ideal surface. 
r is proportional to the extension of surface area due to roughness. 
In Figure	  97 this law is fulfilled: blue spots are the static contact angles of sessile droplets on the 
surface of stainless steel mirror polished; red spots represents the static contact angle on the surface 
of stainless steel polished with P40 paper. The result of this last polishing is an average roughness 
parameter Ra = 0.682 µm (for mirror polishing was: Ra ≤ 0.015 µm). 
 
 
	  
Figure	  97:	  Static	  contact	  angle	  of	  drops	  at	  rest.	  In	  blue,	  Stainless	  steel	  mirror	  polishing.	  In	  red	  stainless	  steel	  P40. 
 
 
To see which is the effect of this roughness over the spreading dynamic contact angle, several tests 
were performed. 
 
A note has to mentioned, since it will be difficult to catch from graphs: the contact line no more 
moves in a continuous way, but jumps from a point to another. This behaviour has been already 
experienced by Jansons [71]. 
 
Another thing noted during the experiment was the difficulty of receding: almost all the tests ended 
with pinning, just one of the tests done succeeded in moving, and very quickly, the triple line: 
velocity magnitude was in the order of 20 mm/s while the contact angle is 3.4°. Those points are out 
of scale in Figure 98. 
 
(62)  
 	  
Figure	  98:	  P40	  advancing	  and	  receding 
 
 
For the comparison with the same material mirror polishing, we will operate as before: a first 
qualitative approach (see Figure 99) and a second quantitative approach (see Table	  15). 
 
For what concerns Figure	  99, we have to say that the behaviour is exactly the same as the stainless 
steel mirror polishing, remarking in this way its difference from the non-metallic surface seen 
before.  
The only difference with respect to the behaviour of less rough stainless steel surface is that 
advancing starts at a higher contact angle (this happens for every flow rate) and receding starts at a 
lower contact angle; in same cases too much lower: the value we got was just of 3°. 
 
 
	  
Figure	  99:	  Stainless	  steel	  advancing	  and	  receding	  comparison	  with	  respect	  to	  roughness 
 
• SS,	  0.005	  ml/min	  
• P4,	  0.005	  ml/min	  
*	  	  SS,	  0.5	  ml/min	  
• P40,	  0.5	  ml/min	  
*	  	  SS,	  0.5	  ml/min	  
• P40,	  0.1	  ml/min	  
• SS,	  -­‐0.01	  ml/min	  
• SS,	  -­‐0.05	  ml/min	  
• SS,	  -­‐0.005	  ml/min	  
Ra 
Ra 
Up	  to	  -­‐20mm/s 
 
In conclusion, it seems like the main effects of surface roughness are: 
 
• To extend the hysteresis zone: there is a much larger zone where the velocity is zero and the 
contact angle can vary over a wider range. 
• To increase wettability of the surface. 
 
 
Qnominal [ml/min] Qcalculated [ml/min] θs (°) λ (nm) kw (s-1) θm (°) ln(L/Lm) 
0.1 0.11 65 1.08 5.548 × 103 80.34 0 
0.5 0.546 65 1.125 9.64 × 103 84.81 0 
0.05 0.0528 65 0.967 9.965 × 103 68.48 0 
0.005 0.0050 65 0.798 3.1633× 104 67.09 0 
-0.005 -0.0051 40 1.486 181.3 42.68 0 
-0.005 -0.005 3 22.035 27 -81 Inf 
Table	  15:	  P40	  fitting	  parameters	  for	  every	  flow	  rate	  investigated. 
 
 
Comparing values in Table	  11, with the ones reported in Table	  15; for the advancing cases, and for 
every flow rate investigated, stainless steel mirror polished has always a higher parameter kw.  
The discrepancy in their matching grows with the flow rate: they have the same order of magnitude 
at Q = 0. 005 ml/min; at Q = 0.5 ml/min P40 has a 2-order of magnitude lower kw. 
It means that for all the advancing cases, P40 has a greater dependence of contact angle on the 
velocity of the triple line. 
 
For the receding cases, the situation is difficult: there are just few tests on P40 without pinning, both 
are reported in Table	  15, one is higher than the stainless steel mirror polishing case, one is lower. 
We can just confirm that, for the rough surface, the contact angle is lower and the triple line 
velocity, and so the interface, jump. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
13	  	   Conclusions,	  acknowledgement	  and	  future	  prospect	  
 
In this study, a comprehensive analysis of spreading droplets has been performed starting from its 
geometrical analysis. 
 
The experimental setup used in this investigation was very simple. Further development should 
include just a more accurate analysis of the first instants of droplets spreading, with a faster camera 
than the one used in the present work. 
 
With the flow rate investigated herein, the droplet seems always to respect Laplace-Young equation 
and all the balances: vertical force balance and the two radial force balances. 
From an analysis of the energetic terms of the overall energy balance, it comes out that the surface 
growth, and by the way, surface tension retention, is the phenomenon storing almost all the 
energetic contribution due to liquid injection, with a very small and negligible contribution by 
viscous dissipation. 
 
Higher flow rates can obviously be performed to achieve disequilibrium in those balances and 
analyse better which are the conditions for the droplet to spread, but the Laplace fitting method (the 
one by Konduru) has to be abandoned, thus leading to high uncertainty in the calculation of contact 
angles. 
 
The behaviour of the contact angle with respect to the triple line velocity seems to be more complex 
than expected in the past literature. Correlations between contact angle and triple line velocity failed 
in predicting the evolution of droplet spreading in this work. 
 
The surface seems not to be relevant in kind, but in nature: different behaviours have been 
investigated looking at plastic surfaces (Plexiglas) and metallic surfaces (all the other ones). 
 
Computational fluid dynamics and direct numerical simulation can help in understanding which is 
the magnitude of the flow field inside the drop: it is supposed to be very small in value, but its 
distribution inside the droplet is known just qualitatively. 
 
Other experiment involving mass and heat transfer through the liquid-gas interface should be 
coupled with adiabatic experiments like the one presented in this work to find the effects and 
contribution to droplet spreading. 
 
Further efforts should be done in investigating similitudes between droplet advancing and receding 
and bubble growing (liquid receding) and detachment (liquid advancing). 
 
 
 
 
 
 
 
The experiment, named DAIE (Droplet Analysis Injection Experiment), has been carried on with 
the interest and contribution of CEA-Saclay (Commissariat à l’Énergie Atomique), in the figures of 
Dott. Matteo Bucci and Dott. Benjamin Cariteau. 
 
This work is the final step of a path of study and knowledge about droplets and bubbles built with 
the help, supervision and guidance of Professor Paolo Di Marco. 
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